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A b s t r a c t
QUaD is a ground based bolometric polarimeter which observed the cosmic microwave 
background (CMB) at 100 and 150 GHz for three austral winters. Two different tech­
niques; field differencing and ground template subtraction, were used to analyze the data 
providing highly accurate maps and power spectra of both temperature and polarization. 
These measurements were then used to constrain cosmological parameters and in conjunc­
tion with the results of several other experiments further our knowledge and understanding 
of cosmology in the early universe.
This thesis presents an investigation into the astrophysical phenomena in the fore­
ground of QUaD’s observation region. Although an area with minimal foreground was 
selected for the experiment, nevertheless between QUaD and the CMB there are various 
sources of millimeter radiation that could potentially contaminate the measurements. Tem­
plate temperature maps of the dust and synchrotron radiation in the region are extrapolated 
to CMB frequencies and correlated with QUaD’s maps to quantify the extent of any struc­
ture similarity detected. These are compared with the correlation expected by chance in a 
single universe to confirm the cleanliness of the field and highlight the robustness of the 
published CMB results.
The residual signal persistently observed in the difference spectrum between QUaD’s 
100 GHz and 150 GHz frequency data is fitted against template spectra for the far infrared 
background (FIRB) and the Sunyaev-Zel’dovich (SZ) effect. The fitting analysis serves to 
constrain the parameters, b (the galaxy clustering bias), and a8 (the rms mass fluctuations 
in a Sh~l Mpc sphere) upon which the amplitudes of the template spectra are dependent. 
The contribution to the power from the predicted background of radio point sources is 
subtracted before a simultaneous fit to the two parameters is carried out. It is found that 
cr8 =  l.lllo!o6 b = 3 .27^ 23. Whilst these values are shown to be consistent with 
other recent astronomical results, the amplitudes of the FIRB and SZ effect they imply are, 
once extrapolated to high-^, incompatible with the QUaD data on these angular scales. This 
suggests that some other factors; perhaps instrumental systematics, features in the analysis 
pipeline, or indeed other astrophysical phenomena could also be responsible for the signal 
seen in the frequency difference spectrum.
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1 In t r o d u c t i o n
“You STRETCH OUT THE STARRY CURTAIN OF THE HEAVENS.”
P s a l m  104  v 2
1.1 B ig  B a n g  C o s m o l o g y
Once upon a time the universe was a hot, dense primeval soup. It has been expanding 
and cooling for 13.7 billion years (Dunkley et al., 2009) since. We still do not know what 
exactly happened but it is commonly believed that the universe as we see it today exploded 
into existence from a single point in both space and time before which neither existed. This 
is the theory first proposed as the ‘hypothesis of the primeval atom’ in 1927 by George 
Lemaitre, and independently by Alexander Friedman. A mathematical model was later 
advocated and developed in the 1950’s by George Gamov after Hubble’s observations of 
receding galaxies suggested an expanding universe and was unintentionally coined the ’Big 
Bang Theory’ by Fred Hoyle describing it with effect on the radio!
Initially this soup would have been an opaque plasma of electrons, protons, helium 
nuclei and neutrinos. Photons would not have been able to travel very far without being 
scattered by free electrons. As it expanded over time, the universe cooled and eventually, 
at a temperature of about 3000K, protons and electrons coalesced into neutral atoms. The 
photons were now free to travel across a transparent universe and hence this epoch of re­
combination, as it is known, is as far back in time as we are able to see electromagnetically. 
Since it was the last time the photons were scattered by the electrons it is also known as the 
surface of last scattering and can be thought of as the surface of the soup. The photons from 
this time, approximately 380,000 years after the Big Bang, have been redshifted just like 
the light from the stars Hubble observed. The radiation today has a temperature of 2.73K 
peaking at millimeter wavelengths, but was actually first detected in the microwave region 
hence giving rise to the name Cosmic Microwave Background (CMB), a thermal afterglow
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remaining from the Big Bang.
When the CMB was measured for the first time in 1965 (Penzias & Wilson, 1965) 
it provided very encouraging evidence to support the Big Bang theory. At a first glance it 
is uniform across the whole sky; homogeneous (the same everywhere) and isotropic (the 
same in all directions). In 1992, the COsmic Background Explorer (COBE) satellite found 
it to be the most perfect black-body spectrum known (Mather et al., 1994). The geometry 
of such a homogeneous space-time can be characterized as a simple function of time, t, 
with a scalar factor, a(t), describing its expansion:
ds2 =  g^dx^dy1' =  —dt2 +  a(t)2d(x)2 (1-1)
g^u here is the space-time metric and ds the co-ordinate interval between two space-time 
events, related to the proper time, r , between them by ds2 =  —dr2.
Based on this we know that objects in the universe are separated by a distance 
proportional to the scale factor, and redshifts will be proportional to l/a(t).  Whilst this 
homogeneity is true averaged over cosmological scales, the planets, stars, galaxies, and 
even our very existence prove otherwise. The large-scale structure we see today must have 
originated as some inhomogeneities in the early universe and scientists have put a lot of 
effort into developing a theory to explain these primordial seeds and how they might have 
evolved into the phenomena we can now observe.
1 .2  S t r u c t u r e  F o r m a t i o n
Light travels at a finite velocity of 3 x 108 ms-1 and special relativity tells us that 
no information is permitted to travel faster than this. As such there exists a maximum 
separation of two regions of space that were in causal contact at the time of recombination. 
Despite this we find the CMB to be uniform across much larger scales; scales with no 
apparent way to establish a thermal equilibrium. In fact the CMB should consist of about 
104 causally disconnected regions (Baumann & Peiris, 2008), not the remarkably near- 
homogeneous temperature we observe. This so called ‘horizon problem’ is just one of 
the puzzles of the otherwise very successful standard theory of the Big Bang. The other 
particularly significant problem is that of the flatness of the universe. The geometry of the 
universe is dependent upon its matter content and is flat if its total energy density is equal 
to a critical density:
3 H 2
8ttG
Any greater and the universe becomes positively curved like the surface of a sphere and any
Pc ~  n  ( L 2 )
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lower results in saddle-shaped negative curvature. Observations indicate that the universe 
is actually very close to being exactly flat. The trouble with this is that any deviation from 
flatness, however slight, in the initial moments after the Big Bang would either have grown 
over time creating a very non-flat universe today or have caused a rapid collapse. The near 
flatness seen today requires an incredibly delicate tuning of conditions in the early universe 
or an alternative mechanism by which this geometry arose, hence the ‘flatness problem’.
1.2.1 I n f l a t io n  T h e o r y
The theory of inflation (Guth, 1981) is the most currently accepted of many theories (such 
as brane cosmology or plasma cosmology) proposed to provide a solution to these and other 
issues in the original theory. The basic concept is that the universe expanded exponentially 
during its first 10-43s, faster than the growth of the causal horizon. During this period of 
rapid expansion the universe was driven as close to flat as we observe today and regions 
initially in thermal contact were stretched beyond the horizon, hence solving both the flat­
ness and the horizon problems, even if further questions are introduced by the idea, such as 
the cause of the acceleration.
N O W
3.700.000.000 vk. 
AFTER MG BAN&
•n FLATIOn
Figure 1.1: Timeline of the Universe 
After inflation the universe was dominated by radiation until recombination took place 
~  400,000 years after the Big Bang. It then became matter dominated with stars, galaxies 
and solar system forming in due course over the aeons.
(Image: Rhys Taylor - http://planck.cf.ac.uk)
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Inflation theory is also able to explain the large scale structure observed throughout 
space when combined with some quantum mechanics. It suggests that before either matter 
or radiation, the very early universe was filled with an unidentified scalar field, termed the 
‘inflaton’ field, (j). If Bosonic, the Bosons would have had zero spin and energies ~  1015 
GeV. Under no obligation to obey the Fermi-exclusion principle they could all settle into 
the zero-point solution of Schrodinger’s equation. Just as the zero-point fluctuations of a 
one-dimensional harmonic oscillator induce a non-zero variance in oscillation amplitude, 
tiny quantum fluctuations would be induced in the inflaton field creating slight over and 
under densities throughout space, along with fluctuations in background space-time. These 
would be characterized by a Gaussian random distribution which would be preserved as 
inflation occurred; the small regions of over and under density would be stretched over 
cosmic proportions and the space-time fluctuations translated into a stochastic background 
of gravitational waves.
1.2.2 G r a v i t a t i o n a l  I n s t a b i l i t y
Gravitational potential wells formed in the places of over density into which matter, both 
baryonic and dark, would fall. As matter fell into the wells its temperature would increase, 
and consequently the pressure inside would also increase. Dark matter can only interact 
gravitation ally, but the baryonic matter would be rebounded by the driving force set up by 
this pressure increase. Between the opposing forces of gravity and pressure, sound wave 
oscillations were established in the photon-baryon fluid. These oscillations can be thought 
of as a spring compressing in the wells under gravity whilst rarefacting over potential hills 
as illustrated in Figure 1.2.
Regions of high density generate potential wells and regions of low density generate 
potential hills.
(Image: Wayne Hu - http://background.uchicago.edu/~whu/intermediate/intermediate.html)
Potential \  
H ill
P otentia l Potential
W ell
Figure 1.2: Baryonic Oscillations
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As the whole universe cooled upon expansion the tops of the potential hills, being 
fractionally cooler, would reach recombination temperature a short while before the bot­
toms of the wells. The epoch of recombination was thus not an instantaneous event, but 
occurred over a finite time, during which we can say that the universe is neither opaque 
nor transparent, but semi-transparent. The oscillatory motion of the baryons is frozen at 
this point and the effect is manifested as slight temperature anisotropies in the CMB we 
observe.
Figure 1.3: COBE Sees Lumps in the Primeval Soup 
COBE observed temperature variations of 1 part in 100,000, providing the first evidence 
of these tiny density fluctuations (Smoot et al., 1992).
(Image: NASA - http://lambda.gsfc.nasa.gov/product/cobe/dmrJmage.cfm)
Consistent with their sound wave like behaviour, these baryonic oscillations were 
moving at the speed of sound for a relativistic plasma ( c / \ / 3). If there is an initial spectrum 
of fluctuations then just as an oscillating musical instrument generates several harmonic 
modes above a fundamental mode, so will the baryons. The fundamental mode is that 
which in the 380,000 years following the Big Bang underwent a single compression. As 
the universe has expanded since the time of recombination we find this mode now equates 
to a radius of approximately 1 Gpc in the present epoch, roughly the size of a supercluster 
and hence compatible with being the explanation for large scale structure formation in 
the cosmos. Above this are many different modes all caught in different phases of their 
oscillation. Photons undergoing a compression correspond to cold spots in the CMB as 
they would have lost energy climbing out of the potential well. On the other hand those in 
a rarefaction are now seen as hot spots with a temperature slightly above that of the mean.
6 C h a p t e r  1. In t r o d u c t io n
1. 2.3 A n g u l a r  F o r m a l is m
Taking Fourier transforms of the photon distribution we can obtain an almost con­
tinuous spectrum of wave-number (k) modes (inverse wavelengths). The spatial inhomo­
geneities at recombination that are described by their wave-number are observed looking 
out into the sky and so they have become angular anisotropies projected onto the surface 
of a sphere. It is therefore better to use spherical harmonic transforms rather than Fourier 
analysis to comprehend the CMB as we see it from Earth. Much like the quantum orbital 
states of an atom, the sky can be described by a discrete set of multipoles called £ modes 
(  ^=  0 ,1 , . . . ,  oo); t  =  0 being a monopole, I  =  1 a dipole etc—  In analogy with magnetic 
quantum number m, for each multipole £ value there exists a subset of spherical harmonic 
orders m  = —£, . . . ,£ .  For each £ there are only therefore 2£ + \  possible measurements so 
a fundamental limit is set, known as cosmic variance, on how well each multipole can be 
measured. For example the dipole £ = 1 has just three m-orders —1,0 and 1 so this mode 
will not be well-known.
The perturbations at recombination are projected onto a sphere at a distance D that 
the radiation has since travelled. A perturbation of wave-number k will have an angle 1 /£ 
on the sky. The fundamental mode of oscillations, that undergoing a single compression 
since the big bang, projected onto this distance D hence corresponds to a particular angle 
across the sky. Cosmology predicts this mode to be that for which k = £/D  giving a 
fundamental angular wave-number of £ = 200, equivalent to the 1 Gpc mentioned above. 
This was confirmed by BOOMERANG’S measurements (Masi et al., 2003) and since then 
a number of other ground, balloon and space-based missions have not only supported the 
result but have attempted to make measurements of the angular fluctuations to higher and 
higher degrees of precision, out to smaller and smaller angular scales (higher £).
1 .3  T e m p e r a t u r e  P o w e r  S p e c t r u m
All the CMB data from a map of the sky can be summarized by a power spectrum (C*) as 
a function of multipole, where the power is the square of the mean amplitude fluctuation. 
If all the modes were received from the same plane we would see a simple series of spikes, 
however arriving from across all planes results in a wave shaped curve with peaks and 
troughs. The exact shape of the spectrum and the location of these peaks depends on 
various cosmological parameters of the universe, hence the better we map the CMB, the 
better we understand the cosmos. Modes caught in a maximum compression or a maximum 
rarefaction at recombination correspond to peaks in the temperature power spectra, whilst 
the troughs are the result of photons caught at maximum velocity either falling into or
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coming up out of a potential well. Velocity is consequently out of phase with respect to the 
density by 7r/2.
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Figure 1.4: The Temperature Power Spectrum 
Various different physical effects determine the exact shape of the peaks and their position 
(Bowden, 2003).
A model of the temperature power spectrum consistent with theory and within the 
error bars of data acquired from several CMB experiments, such as WMAP (Bennett et al., 
2003a) and BOOMERANG is presented in Figure 1.4 which shows its various distinctive 
features. At low multipoles the spectrum is flat since the modes are larger than the horizon 
size. After crossing over into scales within the horizon the spectrum increases until the 
first peak corresponding to the fundamental mode in which the baryons have reached the 
first maximal compression. The second peak is then the mode for which there has been 
one compression and one rarefaction, the third a compression, a rarefaction, and a second 
compression, and so on for subsequent peaks. Although the exact shape of these peaks 
depends on several cosmological parameters, there is a general decrease in amplitude as 
peaks reach higher multipoles. This is due to silk damping (Silk, 1968) - an effect due to 
photons moving a finite mean-free-path in the finite time recombination takes, causing a 
damping of the fluctuations on small scales. Another effect, which results in a slight rise 
in the power spectrum at low is the Sachs-Wolfe effect (Sachs & Wolfe, 1967). This is 
due to those photons that are suddenly free to travel across space needing to initially climb
acoustic oscillationsphoton collapse
1st compressionhorizon crossing
1st rarefraction
Sachs-W olfe
diffusion
10 100 1000 
multipole,  i
8 C h a p t e r  l .  In t r o d u c t io n
out of the potential well where they have been coupled with the baryons. This would have 
used energy and hence redshifted the photons slightly.
Linked to this is the so-called Integrated Sachs-Wolfe (ISW) effect which is the net 
effect of photons passing through metric perturbations as they travel from the last scattering 
surface. Theoretically the blueshift of falling into an over density will be cancelled by 
the redshift climbing back out, but if the expansion of the universe is accelerating this 
means the perturbations are being stretched and flattened somewhat, so the amplitude of 
the perturbation changes during the crossing. On small scales it is likely that there will 
be negligible change during the time taken for a photon to pass through, but on very large 
scales a slight increase in the temperature anisotropy will result.
1 .4  C o s m o l o g i c a l  M o d e l  a n d  Pa r a m e t e r s
At present all the data we have about the universe, including this temperature power spec­
trum is combined to give a concordance model, a paradigm best fitting all our current 
measurements, observations and ideas about the evolution of the universe with the standard 
Big Bang model. The temperature power spectrum alone cannot provide all the answers 
but alongside data from weak lensing, large scale structure and supernova experiments and 
observations, the model can be built up. Its most fundamental features are that we live in 
a flat universe, expanding at an accelerating rate and of the total energy density only about 
4% is ordinary baryonic matter. The remainder is believed to be about 1 /3  dark matter (ma­
terial that only interacts gravitationally) and about 2/3 dark energy (a hypothetical energy 
permeating space, exerting a negative pressure against gravity causing the acceleration of 
the universe).
The details of the CMB temperature power spectrum relate to various aspects of 
this model. The position of the first peak is an indication of curvature, with measurements 
currently revealing that our universe is very close to being spatially flat, with a total density 
(matter + energy) of unity. The exact flatness is also dependent upon the amount of dark 
matter present, for which we gain some insight from the higher peaks. The second peak tells 
us about the amount of baryons in the universe; more baryons means more mass and hence 
deeper potential wells and enhanced compressions. This results in a relative suppression of 
this peak and the extra mass also slows the oscillations shifting the peak to slightly higher 
multipoles. The higher peaks are dependent upon the ratio of dark matter to radiation, 
hence if the amount of radiation is known from the CMB temperature then we learn about 
dark matter from these peaks. More dark matter causes damping to occur at lower I  since 
it decreases the driving force behind the oscillations.
If the universe did indeed undergo inflation we expect the truly random quantum
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Figure 1.5: Physical Baryon Density 
More baryons enhance the amplitude of the oscillations and alter the balance of compres­
sions to rarefactions; odd and even peaks respectively.
(Image created with CAMB - http://lambda.gsfc.nasa.gov/toolbox/tbxamb_form.cfm)
fluctuations that were stretched in the process to conserve this randomness and the as­
sociated Gaussian distribution. Testing the Gaussianity of the measurements is a test of 
standard inflation theory and any non-Gaussianity found may signify some other processes 
at work in the early universe. Non-gaussianity can arise if there are correlations in the 
data and care must be taken to ensure that no artifacts of the experiment or analysis are 
responsible before declaring new physics. There are alternative inflation theories with non- 
uniform expansion of the universe or temperature gradients which permit non-Gaussianity, 
an ekpyrotic universe (the idea that our universe was created by the collision of two others) 
for example (Khoury et al., 2001).
There are lots of potential parameters that could characterize our universe but the 
number essential to alone provide a successful cosmological model is debatable, between 
5 and 7 (Liddle, 2004). CMB experiments in general attempt to determine seven of the 
most fundamental parameters. Hubble’s constant in his famous equation relating the reces­
sional velocity of galaxies to their distance, v =  H0d, is more commonly expressed as h, 
the constant in units of 100 km/s/Mpc. We expect Hubble’s constant to be changing over 
time, since it is a measure of the expansion of the universe, which is known to be accel­
erating. Estimates of the age of the universe can be made by extrapolating the changes in 
the expansion rate, though it is believed that the age is close to simply 1/H0. Parameters 
Qbh2 and Qmh2 are the baryon density and the matter (baryonic and dark) density. The 
quantities Qb and Qm are the ratios of the physical density to the critical density which we
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Figure 1.6: Curvature
The metric of spacetime since recombination will determine the distance to the last scatter­
ing surface and manifest itself in the position of the peaks in the spectrum.
(Image: Wayne Hu - http://background.uchicago.edu/ whu/physics/tour.html)
saw to be a function of h2 in equation 1.2 hence the density parameters are traditionally 
given in the form such that they are proportional to the physical density. The amount 
of baryonic matter will determine the sound horizon size at recombination, which modes 
are oscillating and how fast, therefore setting the amplitude and the phase of each mode 
in the distribution. The position of the peaks will depend on the angular scale over which 
these modes are projected, which is set by the distance to the last scattering surface. As 
the horizon lines in Figure 1.6 illustrate this will have been affected by the curvature of the 
universe, as well as the total matter density and the Hubble constant which have all played 
a role in the expansion of the universe since recombination.
t is the optical depth to reionization - a time when the universe became once again 
reionized, possibly by quasars or early stars at around z ~  10 — 15 (Komatsu et al., 2009). 
This is a parameter which gives the probability that a CMB photon has been Thomson 
scattered off a free electron and therefore actually originated in a different direction to that 
from which it appears. This serves to smear out the features in the CMB spectrum on 
small scales; suppressing the peaks by a factor e~T. The overall normalization of the power 
spectra is quantified by the parameter A , the amplitude of density fluctuations. The scalar 
spectral index, ns is a measure of the tilt of the spectrum, dependent upon the relative 
ratio of small to large scale power. A seventh parameter needed to complete the current 
concordance model is the tensor to scalar ratio, r. This is the amplitude of the tensor
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fluctuations (gravitational waves predicted by inflation) compared to the scalar (density) 
perturbations. This last parameter however cannot be determined based on measurements 
of the temperature power spectrum alone, and is the first of a number of its limitations.
1.5 T e m p e r a t u r e  P o w e r  S p e c t r u m  L im it a t io n s
All telescope experiments are limited by noise and the angular resolution of the instru­
ment being used and all CMB results have a fundamental limit set by cosmic variance as 
described in Section 1.2.3. There are further problems encountered with the temperature 
power spectrum and how well we are able to use it to accurately determine the cosmolog­
ical parameters. Phenomena such as primordial gravitational waves and reionization from 
the first stars may adjust the spectrum in a similar way to the parameters under considera­
tion. Also there are various combinations of parameters which will give the same pattern, 
signifying the need for additional data in order to break these degeneracies.
The geometric degeneracy is that existing between curvature of the universe and 
the matter density. Almost the same power spectrum pattern can be obtained by varying 
the curvature to compensate for changes in Qm and h, given a set of initial perturbations 
with ns and A  (Efstathiou & Bond, 1999). The Integrated Sachs-Wolfe effect can help to 
some extent but this suffers its own issues with cosmic variance, so usually information 
from other astronomical observations is used to constrain one or the other parameter.
There is a degeneracy between ns and the density parameters, because changes to 
the height of the first few peaks can be reproduced by changes in either parameter. Changes 
to the reionization optical depth simply move the temperature spectrum up and down and 
this can be mimicked by a change in amplitude, hence there is also a degeneracy between 
A  and r. Inclusion of tensor-to-scalar ratio analysis increases the uncertainty on the other 
parameters by affecting the power spectrum in a similar fashion to that of the ISW and 
hence it is no longer able to help with the geometric degeneracy described above. In order 
to break these degeneracies and obtain more precise data for constraining the cosmological 
parameters we can make use of another feature of the CMB as well as the temperature 
anisotropies - its polarization.
1 .6  P o l a r i z a t i o n
Although it was first predicted back in 1968 that the CMB would be polarized (Rees, 1968), 
a detection was not actually made until 2002 (Kovac et al., 2002) by an instrument called 
DASI (Degree Angular Scale Interferometer) at the South Pole.
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The Thomson scattering of the CMB photons at recombination generates a polar­
ization as electrons preferentially re-emit radiation with a polarization orthogonal to the 
scattering direction. The temperature anisotropies set up during recombination create a 
quadrupole distribution with hot peaks separated from cold peaks by 90°. This results in 
a net polarization of about 10% after scattering. Figure 1.7 illustrates the process with the 
blue lines representing hot radiation and the red lines indicating cold regions. There are 
five independent components to a quadrupole moment, which in terms of a multipole de­
composition of the radiation field via spherical harmonics are given by i  =  2 with m = 0, 
=tl and ±2.
Figure 1.7: Thomson Scattering 
Polarization of the CMB arises because of Thomson scattering within a temperature 
anisotropy (Hinderks, 2005).
Polarization is quantified by Stokes parameters: / ,  Q and U. (V  is not needed in 
this case as the CMB is not circularly polarized.) I  corresponds to the total intensity (the 
temperature) and Q and U are co-ordinate dependent quantities describing the directionality 
of linear polarization. If two polarimeters are perpendicularly oriented along the x and y 
directions, each will detect part of the total intensity I  = (E 2) (where the angled brackets 
mean time averages). E  here is the amplitude of the electric field vector at an angle x to 
the reference x  direction:
. . Incident
Warm radiation
Cool radiation
Incident
Partially polarized 
scattered radiation
l x =  (E2 cos2 x) 
Iy = (E2 sin2 x)
(1.3)
(1.4)
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Parameter Q is defined as the difference between these intensities and U is the difference 
between the intensities measured if the co-ordinate system were rotated through 45°:
Q = Ix -  Iy = I  cos 2x (1.5)
U = 4(45) -  4 (45) =  I  sin 2 \  (1.6)
Q and U are therefore related to the total polarized intensity Ip by:
/p2 = Q2 + U2 (1.7)
These quantities can be redefined in terms of rotationally invariant quantities E  and B  via 
decomposition into the grad of a scalar plus the curl of a vector. If Qt is the angle between 
the x-axis and the polarization direction:
E(£) = Q(£) cos(20t ) +  U[£) sin(20*) (1.8)
B(£) = -Q(£)  sin(20/) +  U{£) cos(20e) (1.9)
E  polarization is either parallel or perpendicular to the direction in which the polarization 
strength is changing most rapidly, i.e. it shows divergence (circular) patterns around the
peak polarization areas. B  on the other hand is at 45° to the E  field, so it shows rotational
(spiral) patterns.
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Figure 1.8: Polarization Patterns 
Divergence patterns are generated by pure E  fields (left) whilst rotational patterns are gen­
erated by pure B  fields (right) (Hinderks, 2005).
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These two quantities are spin-2 meaning they are headless vectors looking the same 
after a 180° rotation. A reversal in the sign of the temperature fluctuation results in a 90° 
rotation of the polarization patterns. Whilst the temperature anisotropy cannot differentiate 
between the three contributions being made to the quadrupole at recombination, they each 
lead to a different geometry in the polarization as it has a “handedness”. The sources are 
scalars, vectors and tensors, corresponding to m = 0, ±1 and ±2  respectively. The scalar 
polarization patterns (m =  0) are due to density fluctuations; the quadrupole created causes 
a polarization either perpendicular or parallel to the direction in which the perturbation is 
changing, thus giving rise to only E  modes.
Figure 1.9: Scalar Perturbations 
Only E  modes are generated by a scalar perturbation.
Vector polarization patterns (m =  1) are due to vorticity (circular motion in a fluid) 
but they are not enhanced by gravitational collapse and hence are damped relative to those 
of the scalar and tensors. Tensor patterns (m =  2) result from the transverse traceless 
perturbations of a gravitational wave for example. The stretching and squeezing of the 
wavelength produces a quadrupole temperature variation which generates both E  and B  
modes.
Observations of a B  mode signature could potentially provide the first direct ev­
idence for primordial gravitational waves, however the B  mode anisotropy is at least an 
order of magnitude smaller than the E  mode which is already just 10% of the tempera­
ture anisotropy. There is the additional problem that polarized dust and other astrophysical 
phenomena between the CMB and the telescope is also detected contaminating the results. 
Much of this thesis is devoted to investigating these foregrounds so see later chapters for 
details.
1.6.1 P o l a r iz a t io n  P o w e r  S p e c t r a
With both temperature and polarization measurements the CMB is therefore able to 
be characterized by four types of correlations. Autocorrelations of temperature, E  modes
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Figure 1.10: Tensor Pertumations 
Both E  and B  modes are generated by a tensor perturbation.
(Images: Wayne Hu - http://background.uchicago.edu~whu/intermediate/intermediate.html)
and B  modes give us TTim, EEimy BBem, and a cross correlation between temperature 
and E  modes gives TEim. Due to the opposite parity between B  and E , BEim = 0 and 
likewise the opposite parity between B  and T  means BTim =  0.
The T E  and E E  power spectra will show the same series o f acoustic peaks as that 
o f TT, however the peaks will be in different places. The perturbations in the quadrupole 
are not directly coupled to the overall density perturbations but to those o f the velocity o f  
the fluid. The baryonic velocity is greatest down the slopes o f the potential wells hence the 
peaks in the polarization spectra are out o f phase with the temperature peaks. The E E  spec­
trum therefore shows peaks at the position o f the dips in the T T  spectrum. A quadrupole 
can only be created over scales for which photons have sufficient time to meet. On large 
scales there isn’t sufficient time but on smaller scales the amplitude of the temperature per­
turbation and hence quadrupole is smaller, thus the polarization spectrum shows a peak at 
i  =  1000, but is only a fraction of the magnitude o f the temperature peak.
1.6 .2  S e c o n d a r y  P o l a r iz a t io n
The polarization anisotropies created at the surface o f last scattering are referred to 
as primary. Secondary polarization anisotropies are subsequently generated and are also 
observed in the spectra. When the universe is reionized, Thomson scattering occurs and 
polarization is produced. This leads to a second peak on larger angular scales than the 
CMB peak known as the reionization bump. The optical depth, r , determines the height o f  
the bump. For a greater optical depth more photons will have been able to last scatter since 
reionization and hence give a larger amplitude to the bump. Its position will depend upon 
the time when reionization occurred. Further back in time means reionization took place 
across a smaller scale and therefore is seen at higher i.
16 C h a p t e r  1. In t r o d u c t io n
Large scale structures throughout space will cause gravitational lensing which af­
fects the polarization from the CMB. It also leads to the conversion of E  modes into B  
modes. Large galaxies will gravitationally influence the CMB photons, causing them to 
deflect slightly as they propagate through space. This has the effect of smearing out sharp 
features in the power spectra of both temperature and polarization, but it is more noticeable 
in the E E  spectrum because the peaks are sharper. Lensing has an even more severe effect 
on the B B  spectrum, since it does not simply change the amplitude of a polarized signal, 
but also mixes the different polarization modes. Upon deflection a pure E-mode polar­
ization field will generate a E-mode component. Although this lensing effect, occurring 
over small scales, is only significant at high i, it nevertheless imposes a minimum on the 
value of r measured and contaminates a true measurement of primordial E-modes. Re­
cently there have been some proposals for de-lensing using information from weak lensing 
galaxy surveys (Marian & Bernstein, 2007; Smith et al., 2008).
Gravitational lensing though, despite being a considered contamination in the con­
text of measuring E-modes actually contains useful cosmological information. Gravita­
tional lensing takes place during the time when the universe is dominated by dark energy, 
which influences the rate of expansion of the universe. Therefore measuring the lensing 
gives us an insight into the growth of large scale structures, the acceleration of the uni­
verse’s expansion and the dark energy causing it. Neutrinos will suppress clustering of 
dark matter on small scales dependent upon their mass. The gravitational force is not able 
to overcome the pressure due to the neutrino velocity dispersion, hence measurements of 
lensing can constrain the neutrino mass. Galaxy redshift surveys and measurements of 
weak lensing on the shapes of galaxies tell us about the large scale clustering of galax­
ies at redshifts z < 2, but the E-mode signal created by lensing can provide us with this 
information at higher redshifts, z > 2.
Not only does measuring polarization as well as temperature allow for an alternative 
fundamental check of the cosmological parameters but it can be used to break degenera­
cies which occur if only the temperature data is used. Since the peaks in the polarization 
spectrum are out of phase with those of the temperature spectrum, changes to the density 
parameters will cause the two spectra to move in opposite directions at each scale thus 
providing a distinction between a change in the amplitude of the peaks being due to ns 
or The reionization bump in the polarization spectrum allows for a contraint upon 
r , hence breaking its degeneracy encountered in the temperature spectrum with A, and 
therefore permitting a more precise estimation of the amplitude. By the polarization data 
providing vital information about the tensor-to-scalar ratio, r, the tensor component of the 
temperature spectrum will be better understood and thus no longer limiting the accuracy 
with which the parameters are constrained, or inhibiting the use of the ISW to aid analysis.
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Therefore, to use the CMB to further our understanding of the history of the uni­
verse and more accurately determine these cosmological parameters which describe it, we 
need an experiment which can not only measure the temperature power spectrum to a high 
degree of precision, but which also makes polarization measurements of a similar quality.
1.7  T h e s i s  O u t l i n e
QUaD is one such project undertaken to make a major step forward in precision CMB mea­
surements, particularly polarization. Having introduced the theory behind the CMB and 
how it is used to probe cosmology I will now move onto describing QUaD. The project is 
run by a collaboration of scientists from around the world, with various members involved 
with its different aspects, from the planning to the construction and implementation, to 
the data analysis. Joining the team in its later stages my work has focussed on the data 
analysis, though for completeness I will review the instrument itself and the observation 
strategy employed along with all the analysis techniques from the output data through to 
cosmological parameters.
In Chapter 2 I describe the experiment, the observations and how they are initially 
processed. I also briefly summarize some of the other past, present and future CMB in­
struments. Chapter 3 then proceeds to explain how we obtain maps, power spectra and 
parameter estimations from the data. Much of the coding for the various stages of the anal­
ysis was written prior to my arrival, but I have nevertheless not only been able to run all 
stages of the pipeline, but also to make modifications to them, allowing the unique work of 
Chapter 4 onwards to be carried out. As such through the analysis chapter, unless otherwise 
stated, the maps and plots are my own creation.
My contribution to the project has been to explore in depth the presence of any 
astrophysical foregrounds in QUaD’s data. There are various different phenomena which 
could present a source of contamination so each of these are investigated in turn. Chapter 4 
looks at dust, employing various statistical correlation techniques which are then also used 
in Chapter 5 in considering synchrotron radiation. These chapters both use field differenc­
ing techniques and CMB results published in Pryke et al. (2009). Chapter 6 turns to the 
Far Infrared Background and finally the Sunjaev-Zel’dovich effect is explored in Chapter 
7, both with the improved results of Brown et al. (2009). Chapter 8 then summarizes the 
conclusions from these analyses and gives a discussion of future work.

2 QUAD
“T im e l in e ? T h is  is  n o  t im e  to  a r g u e  a b o u t  t im e . W e  d o n ’t  h a v e  
t h e  t im e !”
D e a n n a  T r o i - S t a r  T r e k : F ir st  C o n t a c t
2.1 QUaD In s t r u m e n t a t i o n
2.1.1 F r o m  t h e  CMB T h r o u g h  t h e  A t m o s p h e r e  a n d  T e l e s c o p e  
t o  t h e  F o c a l  P l a n e . . .
The name QUaD is in fact an acronym of acronyms! It comes from QUEST (Q and 
U Extra-galactic Survey Telescope) at DASI (Degree Scale Inferometer) (Church et al., 
2003), so called because the QUEST telescope was put on an existing mount at the South 
Pole originally used for DASI (Leitch et al., 2002). This is an azimuth-elevation mount 
with a third axis allowing the entire telescope to be rotated around the line of sight and 
observations made at two so called ‘deck’ angles, —3° and 57°. QUaD operated for three 
austral winters from 2005 before being decommissioned in November 2007. The telescope 
featured a Cassegrain design as shown in Figure 2.1 with a large 2.6 m primary mirror 
focussing radiation onto a smaller secondary mirror, which in turn reflected the light back 
through a hole in the centre of the primary mirror and on to the detectors. This design was 
chosen for its large field of view and its axial symmetry so that any spurious polarization 
signal arising from the instrument would be symmetrically distributed. Two lenses were 
used to position the focus behind the primary mirror along with cold stops to prevent any 
off-axis rays from reaching the focal plane.
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Figure 2.1: QUaD’s Optical Path 
The rays follow  the Cassegrain design reflecting off the 2.6m  primary mirror, then o ff a 
secondary mirror and onto the focal plane (O ’Sullivan et al., 2008).
2.1.2 . . .  A N D  ONTO THE D E TE C TO R S
Upon the focal plane the beam formed a diffraction pattern consisting o f  a central spot with 
surrounding faint rings. From there feedhom s transmitted and focussed the radiation down 
onto an array o f Polarization Sensitive Bolom eters (PSBs) (Jones et al., 2 0 0 3 ) . Two oper­
ating frequencies, chosen to match windows in the atmosphere at millimeter wavelengths 
were mapped simultaneously. Pairs o f PSBs aligned orthogonally absorbed radiation at 
100 GHz and 150 GHz. Initially 12 detectors at 100 GHz and 19 at 150 GHz were set 
up, however over the course o f the observations som e of these malfunctioned leading to 
slightly fewer being used in the analysis. The feedhom s coupling the radiation to the de­
tectors were fashioned so as to create a Gaussian beam on the sky. These beams can be 
quantified by their Full-Width Half-M aximum (FWHM), that is the width o f the beams on 
the sky at the point where the intensity is half its value at the Gaussian’s maximum. QUaD  
made som e special observations o f a bright quasar (QSO PKS0537 — 441) to determine
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mean FWHMs of 5.0' at 100 GHz and 3.5' at 150 GHz. A more detailed analysis of the 
quasar data revealed the presence of some sidelobe structure. Sidelobes are smaller am­
plitude beams away from the main beam, often of radiation in undesired directions. Their 
maximum value relative to the main beam, the sidelobe level, is another important param­
eter in beam characterization. QUaD’s sidelobe level was found to be just below — 20 dB. 
The uncertainty on these parameters is + 5 / — 2%, due to daily fluctuations in the weather 
causing thermal contractions or expansions of the telescope optical assembly and therefore 
the focus.
The position and orientation of the 31 detectors on the focal plane were considered 
in detail before the final layout was decided upon (Bowden, 2003). For Stokes parame­
ters Q and U to be determined from the total signal, at least two measurements of each 
frequency are needed of each particular point on the sky. Also to avoid any atmospheric 
or instrumental changes occurring between these measurements the focal plane was set up 
such that at least two feeds with different orientations observed the same position on the sky 
during each scan. Towards the edges of the focal plane there would be more severe optical 
abberations and the instrumental polarization signal would be more significant. The detec­
tors therefore needed to be packed as tight as possible away from the edges. Additionally 
the feeds were arranged to optimize the evenness of their sky coverage at both frequencies 
simultaneously. Oversampled regions would need to be downweighted in the subsequent 
analysis and hence would have been a waste of some integration time.
On arrival at the PSB, the radiation is intercepted by an absorber of heat capacity 
C, thermally linked with a conductivity G , to a heat sink. This heats a semi-conductor ther­
mistor that is thermally linked in series to a high resistance load resistor. A bias voltage is 
applied across the two components and the voltage across the thermistor is measured. With 
an increase in incident power, the thermistor is heated and its resistance increases. Since 
the current across the thermistor is maintained at a constant value by the load resistor, its 
output voltage changes. We define the responsivity, 5, of the bolometer to be the output 
voltage per unit change in power. The temperature change occurring in the PSB is propor­
tional to the change in power and hence the output voltage measured, but the response is 
not instantaneous. To any change in power there is an exponential response function:
Tm  =  Tav +  AT(1 -  e“t/T) (2.1)
in which Tav is the bolometer temperature with no fluctuations, t the time since the fluctu­
ation and t the bolometer time constant. This is the time taken for the thermistor to change 
by a temperature AT(1 — 1/e) and is found from the bolometer parameters as r  =  C/G. 
The non-instantaneous response of the bolometers means they act as a low pass filter and
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Figure 2.2: The Focal Plane Layout 
This figure shows the focal plane layout at the two deck angles; the distribution o f the 
different frequency detectors and their orientation. Deck angle - 3 °  is on top and 57° is on 
the bottom.
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accurate knowledge of the time constants is required to reform the original data timestream. 
Investigations of the temporal responses found several of the bolometers to be better de­
scribed by a dual time constant model, that is a second constant was needed for a good fit. 
For a few bolometers even this was not a reasonable fit and they were rejected from the 
analysis.
By having the PSBs set up in pairs, one coated along only the horizontal and the 
other only along the vertical axis of the grid, allowing just the component of the electric 
field in these directions to be absorbed, Stokes parameters may be determined. Unpolarized 
light is split equally between the two thereby permitting removal of this ‘common mode 
signal’ by differencing the outputs from each pair.
The support structure for the instrument was designed for maximum rigidity and 
minimal thermal conductivity. The supports also provided convenient places to attach 
wiring and this helped to reduce mechanical vibrations that would generate an electrical 
signal. A cone surrounded the secondary mirror, which expanded and contracted with ex­
ternal temperature changes. This cone was made of foam because it does not reflect or 
absorb at millimeter wavelengths. The focus, however remained slightly better in warmer 
conditions. The mirrors were set so that as many beams as possible were optimally fo­
cussed with data uncorrelated to the temperature of the environment. The telescope was 
skirted by a ground shield which served to reflect rays up into the sky, reducing stray sig­
nals from the ground. Problems arose, nevertheless, when snow entered the ground shield 
and the team at the South Pole spent many an hour shovelling out snow!
2.1.3 O p t i c a l  E f f i c i e n c y
Optical efficiency is the fraction of in-band power on the receiver that is actually detected by 
the bolometer. Reflection and absorption losses reduce this efficiency to a typical maximum 
of about 40% for mm wavelengths. The central group of 7 feedhoms were found to be the 
more efficient, however this was expected since the best ones from initial testing were 
positioned centrally. Tests of QUaD’s optical efficiency revealed values, for the complete 
optical chain, of approximately 30% at 100 GHz and 35% at 150 GHz.
2.1.4 N o i s e
However ideal the instrumentation, the true CMB signal will be hidden amongst a number 
of sources of noise. Some of these are non-time varying and so create a constant, remov­
able, background level. Others are variable, they cannot be predicted, and set a fundamental 
limit on the accuracy to which we can measure the CMB. Any noise which is generated
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Figure 2.3: QUaD
A panoramic photograph o f QUaD at the South Pole 
(Image: Robert Schwarz - http://www.antarctic-adventures.de)
by a completely random uncorrelated process is referred to as white noise, in analogy with 
white light. By taking more and more measurements, however, the mean value o f this 
random noise will ultimately reach zero, hence the longer the integration time, the more 
accurate the results.
As the radiation passes through the optical chain some o f the common mode signal 
(that reaching both bolometers in a pair) becom es polarized resulting in instrumental polar­
ization. The electronics o f the detector system s means there may be some gain difference 
between bolometers in a pair, which upon differencing may mean that some contribution 
from the common mode signal remains. Transmission to the detectors also adds some 
different electronic (Johnson) noise to each bolometer which again is not removed by the 
differencing process. There is white noise from the read-out electronics, shot noise from 
the statistical fluctuations in the number o f photons received along with boson bunching 
noise and thermal noise from the em issions o f  the optical chain and detectors themselves.
In general, noise is quantified as a N oise Equivalent Power (NEP) which is the in­
cident optical power required to generate an output voltage equal to the root-mean-square 
(RMS) noise voltage. It is useful to characterize the noise in terms o f the brightness o f a 
source, defining a noise equivalent temperature (NET) and likewise NEQ and NEU (gen­
erally equal) for polarization measurements. To determine these quantities the bolometers
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are run in their normal modes for a period of time with the telescope parked. The white 
noise from this yields the NEP from which NET can be calculated by means of an absolute 
calibration factor converting the units from Volts into Kelvin. In Hertz the NEP is the am­
plitude of the one-sided power spectrum, i.e. the noise in a half second integration time and 
so a division by y/2 is required to convert from /iKHz-1/2 into /xKsec1/2. Qualitatively the 
NET for a particular detector is the amplitude of the temperature fluctuation measureable 
in one second with a unitary signal-to-noise ratio. NEQ is then computed as:
N E Q  = ^ E T  (2.2)
\/2 (l — e)
where the factor of y/2 is introduced because there are two bolometers in a pair effectively 
doubling the integration time and e is cross-polarization between the two bolometers in a 
pair.
White noise fluctuations arise because of the fact that energy is quantized, that is 
it is confined to discrete packets. The quanta of energy does not flow at a constant rate 
and light, like energy is also quantized. The number of photons, wave packets of light, the 
PSB will detect in any given time period will vary randomly and not be the same in any 
particular period of time. We can therefore merely predict the probability that a certain 
number are detected based on the known parameters of the bolometer. Photons are bosons 
and these show a somewhat bizarre behaviour in their arrival at a detector. Immediately
after the detection of one photon the probability of detecting another is increased. This is
part of the quantum mechanical Bose-Einstein theory describing photons and adds some 
boson-bunching component to the photon noise. The photon NEP is therefore given by a 
two component equation (Lamarre, 1986):
NEP?hoton «  2huPM + (2.3)
with Ptot the total power incident on the detector and A v  the optical bandwidth. The first 
term quantifies the Bose-Einstein bunching effects and the second term gives the Possionian 
fluctuations of the photon flux per unit bandwidth.
Within the detector electronics there are free electrons moving around in a random 
fashion. At any instant in time there might happen to be more electrons in one particu­
lar place than another and this distribution will fluctuate randomly. The voltage measured 
across the thermistor will therefore also fluctuate from moment to moment, creating John­
son noise. Its contribution will depend on the temperature of the bolometer, its resistance 
and responsivity. The same idea applies to all aspects of the instrumentation. The ther­
mal energy transferred from the bolometer to the heat sink creates phonon noise dependent 
upon its conductivity, as the energy flow, just as that within the detector electronics, is not
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constant. Knowing the probability distribution of each source of white noise allows the 
total NEP to be calculated from the individual variances of the quantum noise signals.
Advances in detector design can serve to reduce detector and amplifier noise, whilst 
photon noise can be reduced by the site choice of the South Pole and decreasing emissions 
from the filters and telescope.
2.1.5 P o l  a r i m e t r y  E r r o r s
In addition to the sources of noise described above, the polarization measurements will 
suffer from various effects of systematic errors introduced by the instrument. One po­
larization state can be slightly enhanced over the other as a result of partially polarized 
emissions from the telescope. Diffraction, oblique reflection and birefringence within the 
telescope and optics may polarize some of the unpolarized incident radiation converting T  
into Q and U, possibly even some V.
Some depolarization effects or cross polar leakage can occur as well, reducing the 
measured Q and U intensities. The biggest problem in polarimetry is that of cross polar­
ization; power from one state of polarization is converted to the orthogonal state. It is also 
known as Q U mixing, and it leads to E  <-> B  mixing, deforming the final power spectra 
and causing a loss in sensitivity to the polarized fraction of incident radiation. QUaD shows 
levels of 5% and 8% cross polar leakage for 150 GHz and 100 GHz respectively.
These errors can be accounted for in the analysis software if known, suitable polar­
ized and unpolarized sources are studied and if the polarizing efficiency of the detector is 
known. Typically it is found to be > 99.9%
2.1.6 PSB F a i l u r e s
There are a number of reasons why a PSB might fail during an observation. If a bad 
set of transistors are used there will be random discrete jumps in voltage in an effect called 
‘popcorn’ noise. Bad wire bonding may mean the electrical connection open during thermal 
cycling, or any connection between the two PSBs in a pair will cause a thermal short and a 
high measured cross polar leakage. Cosmic ray hits and glitches in the PSBs are recorded 
with the data so they may be accounted for in the data analysis.
2.1.7 C r y o g e n i c s
Instrumental thermal noise is reduced through the cooling of detectors. This is accom­
plished via a cryostat consisting of two toroidal tanks. The outer is filled with liquid nitro­
gen at 77K and the inner with liquid helium at 4K. Between each stage there is a vacuum
2 .1 . Q U a D  I n s t r u m e n t a t i o n 27
shield minimizing thermal losses and the outer tank itself provides a shield for the colder in­
ner one. A three-stage sorption fridge is then used for cooling to 250mK. Cyropumps cool 
liquid helium (both 3He and 4He) by reducing vapour pressure at the surface. Each day 
the cryogens are refilled, the fridge is cycled and any routine maintenance in the cryogenic 
systems is carried out. The bias circuit, which passes a current through the thermistor and 
resistor ensuring a constant current such that only the voltage is altered with the incoming 
radiation, is housed within the cryostat. A read-out circuit passes the voltage measurement 
onto the warm electronics where is signal is amplified, filtered and demodulated. The DC 
offset is removed and then a digital signal is produced which can be stored.
2.1.8 C a l i b r a t i o n s
It is imperative that the data acquired from QUaD may be compared with that from other 
experiments, and also that within the QUaD experiment itself, data from each detector must 
be comparable with all the others. This requires two types of calibrations to be performed; 
relative - those within the experiment, and absolute - in order to convert the outputs into 
real thermodynamic temperatures that permit such comparisons.
Sensitivity is affected by both atmospheric absorption and emissions, so QUaD 
carried out various calibrations each day to quantify these effects. A measure of the atmo­
sphere, optical depth r , characterizes how opaque it is to radiation. Optical depth is defined 
as:
dr = npdz (2.4)
in which k is the opacity of the medium, in this case the atmosphere, p is its density and 
z is the optical path, r  is then found by integrating along the line of sight. Transmission 
through the atmosphere at a particular frequency, v, varies with zenith angle (angle around 
from straight up) according to a decreasing exponential function with optical depth as the 
constant:
T ratm,u = e~Tl/A (2.5)
Airmass, A = sec 6, with 0 the zenith angle is the path through the atmosphere. Working 
down from zenith the optical loading increases, becoming infinite along the horizon. (This 
is a somewhat simplified model, realistically things become more complex below about 0 = 
60°.) The apparent brightness of an astronomical source therefore decreases accordingly 
as the telescope is tipped down. The total load temperature on the telescope is given by:
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T lo a d { 6 ) ~  T tot  +  7"T atm  s e c  $  ( 2 . 6 )
where Ttot is a constant total temperature offset incorporating both loading from the tele­
scope and the non-varying component of the atmosphere. This equation tells us that r  
and Tatm are inseparable. At the South Pole in an adjacent building there is a tipper which 
measured optical depth every 12.7 minutes at a wavelength of 350/xm, along with the atmo­
spheric temperature at the time, Tatm. Because values of r  are very large at this wavelength 
the two values are able to be determined separately in this case and every two hours in­
dependent data is reported. QUaD measured rTatm by performing a sky-dip. Once a day 
the telescope was tipped to a known elevation, the atmospheric emission as a function of 
zenith angle measured using the tipper’s Tatm data to break the degeneracy in equation 2.6, 
and the properties of the bolometers deduced. Such measurements could then be used to 
recalibrate the bolometers and compensate for their overall gain drifts due to changes in the 
weather or elevation angle. Slightly more variation occurs with 150 GHz detectors as they 
are more affected by a water vapour line at 182 GHz.
To counter any mismatch in the gain between two bolometers in a pair we conducted 
a simple, quick and well-understood calibration called an elevation nod. This calibration 
is necessary because in the analysis the signals from the two bolometers are summed and 
differenced to give temperature and polarization time series respectively, and any gain dif­
ference would appear as spurious signal. After every 5 scans of the CMB a sky-dip of 1.35° 
was executed and the subsequent change in airmass generated a IV signal according to:
dTioad dsecO——— oc =  sec 0 tan 9 (2.7)o6 ov
Thus for a small change in angle at a zenith angle 6 < 50°, the change in airmass becomes 
proportional to the change in optical loading with a constant of proportionality ged:
STioad «  ged sec e (2 .8)
The elevations are recorded during the nods and corrections applied to account for the off­
sets of each particular PSB on the focal plane array. The airmass at each of these elevations 
can then be found. A line is fit to the bolometer time series during the nod expressed as a 
linear function of the airmass. The slope of this linear fit gives the constant of proportion­
ality; the relative gain of the bolometer.
Separate fits are made for the up and down parts of the elevation nod and so as not 
to include regions during which the telescope is accelerating the first and last 200 readings 
are neglected. The average of these two slopes is then computed and the average of all the
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Figure 2.4: Time Series for the Elevation Nods 
The upper panel shows the bolometer voltage measurements along with the elevation at 
each time in blue. Below is the same bolometer voltages plotted as a function of airmass 
with a linear fit applied (Zemcov, 2006).
elevation nodes carried out each day for a particular PSB. The A/B gain ratio o f a bolometer 
pair was then found by dividing the average from one PSB by the other in the pair. The 
detector gain ratios on the whole were found to be fairly stable in the short term except 
in instances o f very bad weather, but over longer time some of the channels demonstrated 
ramping, as in the right hand side graphs o f Figure 2.4. Such bolometers experienced a 
decrease in responsivity, possibly due to a poor thermal connection with the heat sink, after 
each reset o f the bias current. In general these detectors were simply excluded from the 
final analysis. Again, for the same reasons as above, we found there to be less stability 
with the 150 GHz bolometers.
The voltage measurements QUaD recorded need to be converted into flux by means
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of a conversion constant. Whilst other instruments can observe planets to calibrate this 
constant, QUaD’s polar location meant it must find an alternative. One option was an 
analytical laboratory calibration. There was a calibration source located inside QUaD’s 
foam cone behind the secondary mirror which acted as a bright source to determine the 
gain offset of the central pixel. A flip mirror allowed the source to be injected into the 
beam and a 10 second calibration source observation was made in conjunction with the 
elevation nod calibration. To avoid saturation when observing this source the bolometers 
were put in low gain mode and a rotating polarizer set to produce a polarization vector at
1.7 Hz, analyzed by means of fitting a sinusoidal function:
V  (t) =  VA sin {cut +  0) +  Vo (2.9)
The linear fit is very sensitive to the initial conditions and so to that end Va is set to the 
mean rms of the data multiplied by a factor of \/2, Vo is set to the mean of the data, 
u  is determined from the first peak of the power spectrum of the data, and setting the 
derivative of the function to zero provides the value at which 0 is set. Iterations are then 
carried out with slight adjustments to the parameter 0 until the fit passes a statistical test. 
The parameter useful for calibration purposes is VA and the ratio between two bolometers 
in a pair could be found as an alternative calibration check for gain mismatches. This 
technique actually proved more useful for the calibration of a single detector over time 
rather than between detectors since the source did not uniformly illuminate the focal plane 
each bolometer would have seen something slightly different. The polarizer also reflected 
up to 40% of the light, so to a certain extent the detectors were seeing themselves.
Another part of QUaD’s daily routine was the row calibration. Four times a day 
each of the seven rows of the focal plane were scanned back and forth across a bright 
source called RCW38 giving two blips in the time series. If there were no atmosphere 
and both the source and telescope were ideal there would be a constant integral under each 
blip. Nevertheless the blips are affected by the atmosphere, the telescope beam pattern and 
by any complex structure surrounding the source. On top of adding noise to the data, the 
atmosphere creates a varying optical load changing the responsivity of the bolometers, and 
also extinguishes some of the source flux. The telescope’s pointing needs to be accurate 
so that it passes over the middle of the source and the brightness of the main lobe of the 
source isn’t suppressed. The exact shape of the blip is determined by the telescope beam 
shape. Working backwards through a three stage process these factors can be undone to 
yield a model image of the source which is then used for absolute calibrations.
The first part is blip extraction in which the blips are initially located and then fit 
to a one dimensional Gaussian. The heights and widths, Vbup and c r^ , of the fits are
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recorded along with various pieces of data; the time of observation, the rotation angle of 
telescope and so on. Blip correction is the next phase, and this involves correcting for 
the effects described above in reverse order. The optical loading variation affecting the 
detector responsivities and then the atmospheric extinction, after which it is as though the 
measurement was made above the atmosphere by an instrument with constant responsivity. 
The beam shape and pointing are then corrected for which leads to a model of the image 
normalized to telescope units of Volts per pixel. The flux of source RCW38 is known at 
both of QUaD’s wavelengths and hence a flux conversion factor can be determined allowing 
a time series to be converted into Janskys. The method is more successful at 100 GHz where 
smaller atmospheric corrections are required, but even so the uncertainty in the known flux, 
at about 10% will translate into the absolute calibration uncertainty.
Since the procedure is carried out for each detector individually, the gain ratio be­
tween the two bolometers in each pair can be found, and used to compare with that from the 
elevation nods. Any beam imperfections that haven’t been accounted for will be divided 
out upon calculation of this ratio, assuming it is identical for both detectors. The quantity R  
is the ratio of ratios; the elevation nod gain ratio divided by that from the row calibrations. 
We would expect this to be close to unity if the calibration techniques function well. Figure
2.5 shows a sample of these ratios for several PSBs over a number of observation days. 
We see that deviations from unity exist and R  is consistently greater than one. Further­
more, the deviations are significantly greater for the 150 GHz bolometers. Quantitatively 
these deviations are of order ~  5% for 100 GHz and as high as 15 — 18% in the 150 GHz 
bolometers.
There are several potential explanations for the difference between the calibration 
results. Since the optical chains are identical the differences must therefore arise within the 
horn bolometers and the horns themselves. Bolometers operating at both frequencies are 
affected by the various sources of noise described previously. Also the analysis assumes the 
beams are identical in both members of a pair but in reality there may be some mismatch. 
If there is a warp in the primary mirror this would cause an asymmetry in QUaD’s optics, 
although the feedhoms should ensure that the detectors do not suffer from this optical aber­
ration. There could also be some birefringence (splitting of light into two unequal waves) 
in the polyethylene lenses. This asymmetry is difficult to quantify since it is the result of 
plastic imprinting as it cools. Perhaps therefore neither of these calibration techniques are 
ideal for absolute calibrations and are better suited for internal consistency checks.
The method by which the most accurate attempt at determining an absolute calibra­
tion factor is through the comparison of QUaD’s results with those from other experiments 
after maps have been made. The sun moves around the galaxy creating a dipole in the CMB 
from the doppler shift of its motion. The FIRAS instrument on COBE measured this dipole
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Figure 2.5: Calibration Comparison 
Ratio between the elevation nod and row calibration techniques for 100 GHz PSBs (top) 
and 150 GHz PSBs (bottom).
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to be 3.369±0.004 mK (Fixsen et al., 1996). QUaD, because it’s observation patch of sky is 
so small, is unable to directly measure the dipole and calibrate accordingly but WMAP and 
other experiments are able to make use of the dipole for their calibration. Hinshaw et al. 
(2003) reported an uncertainty of 0.5% in the absolute calibration of WMAP based upon 
this method. In principle QUaD’s maps could then be compared with those of WMAP and 
calibrated accordingly, but again because WMAP maps the entire sky with a large angular 
resolution and QUaD surveys less than 1% of the sky there is only a very small overlap 
in £ space. BOOMERanG’s B03 145 GHz maps were calibrated to an accuracy of 1.8% 
with WMAP (Masi et al., 2006) and so QUaD can be calibrated via these which are of 
intermediate survey size and angular resolution, and hence cover a similar I  range.
Combining several calibration techniques is no doubt the best way to ensure no 
major errors have occurred and to check things are self-consistent. Altogether they permit 
the instrument to make measurements of the CMB with many detectors which can all be 
translated into comparable data in Volts, which can subsequently be converted into Kelvin 
and compared alongside results from other experiments.
2.2 QUaD O b s e r v a t i o n s
2 . 2 . 1  O b s e r v i n g  S t r a t e g y
At the South Pole every 24 hours the celestial sphere rotates about the zenith. The obser­
vations were therefore organized such that each day they began at a fixed Local Sidereal 
Time (LST) just after the chosen field had passed the laboratory building. The region of 
sky selected for QUaD observations was an area of approximately 60 square degrees di­
rected away from known dusty regions and the Galactic plane. Its partial overlap with the 
B 2K  field allowed for the absolute calibration technique described in section 2.1.8 and the 
3 point sources contained within permitted other calibrations to be conducted. The size of 
the region was a compromise between high signal-to-noise ratio and good sensitivity to the 
low-^ region.
The observations were divided into two 8 hour blocks with various special calibra­
tion tests run immediately before and after. Between the blocks the entire telescope was 
rotated through a ‘deck angle’ of 60°, from —3° to 57°, about the line of sight and there was 
a half hour break to allow thermal stabilization. To this end 19 hours each day were spent 
completing this observation schedule and the remaining time was used for fridge cycling.
These two 8 hour blocks were then split into 16 half hours. At the start of each 
half hour the internal calibration source was observed and an elevation nod performed. The 
observing field is cut into two adjacent equal areas called to the lead and trail field. For
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Figure 2.6: QUaD's Observing Region 
The white boxes are the two fields QUaD observed shown on a 150 GHz dust map 
(Finkbeiner et al., 1999) along with the B03 regions and the locations of point sources 
RCW38 (asterisk) and PPT50537 -  441 (cross).
the first half hour the telescope would scan back and forth five times across the lead field, 
be stepped up by 0.02° in declination and the process repeated four times. This amounted 
to 40 half-scans each of 30 seconds. Then an identical set of observations would be made 
during the next half hour, but this time of the trail field. In this way by subtracting the lead 
and trail field data any signal coming from the ground which is constant over the half hour 
will cancel.
For the eight hour block the observations continued in this manner, increasing in 
declination so that a 0.64° region was covered. The declination was reset before the second 
block at the alternative deck angle was commenced. The next day an adjacent 0.64° region 
would be observed until the entire survey area had been covered. This was all repeated 
over and over with a slight offset in declinations such that the joins were not in the same 
place each time and no sections were uncovered on account of bad weather or telescope 
malfunctions.
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Figure 2.7: Observing Strategy and Timestream Data 
The top panel shows how QUaD scans back and forth in azimuth over 30 second periods. 
This gives TOD streams at both 100 GHz (red/orange) and 150 GHz (blue/green) which 
amongst the pairs of PSBs leads to summed (middle panel) and differenced (bottom panel) 
data. A relative gain calibration has been applied along with a scaling to temperature units 
and a low pass filter to < 1 Hz (Pryke et al., 2009).
2.2.2 Low L e v e l  D a ta  P r o c e s s i n g
The data analysis procedure followed is referred to as a pipeline and within this pipeline 
there are three distinct stages. Map-making and the construction of power spectra from 
them, and parameter estimation and its interpretation in a cosmological context follow on 
from the first stage of preprocessing the time ordered data (TOD) stream.
Section 2.1.2 described the non-instantaneous response of the bolometers to the 
changes in the incident optical power and hence the initial step in the data reduction process 
was a deconvolution of the detector time constants. The dual time constant model was used 
to undo the detector response function and its associated filtering effects, and recover the 
original data waveform. Those detectors which do not fit the model well, along with a 
couple of others which also misbehave, were rejected from the analysis at this stage. 9 out 
of 12 100 GHz bolometers remained with 18 out of the 19 150 GHz ones.
During each scan the telescope moved across with a constant velocity after an ini­
tial acceleration, then a deceleration before turning around and performing the process in 
reverse to scan back to the original position, as illustrated in Figure 2.7. Only the data 
recorded during the constant velocity phases of the scanning are retained because there is 
spurious signal generated by the accelerations. 600 samples were taken per scan, decimated
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from a rate of 100 per second since only every 5th measurement was significantly different.
After the deconvolution a de-glitching process took place to remove scans during 
which a cosmic ray hit occurred or there was an instrumental glitch. The normalization 
factors derived from the elevation nod preceding each scan were applied to the half-scans 
individually such that all detectors were relatively calibrated and could be analyzed to­
gether. An additional correction factor derived from the calibrations source measurements 
was applied to compensate for a noticeable suppression in the detector gains during poorer 
weather when the atmosphere was more opaque.
These components of the analysis were performed on each day of data separately so 
that after this different sets of days could be used according to the rigidity of the rejection 
criteria. Over the course of its three observing winters QUaD acquired more than 300 
days worth of CMB data. A lot of these days were rejected due to very bad weather or 
instrumental problems. A further set of days were rejected because of moon contamination 
creating stripes in the maps. After these cuts 67 days were used from the 2005 season to 
provide a first set of data published in Ade et al. (2008) and 143 days which led to the 
second and third season spectra in Pryke et al. (2009). The data have not been combined 
into 210 day set because between the first and second season there was re-focussing of the 
telescope, some faulty bolometers were replaced and the scan strategy changed slightly.
The map-making and power spectrum techniques used in the analysis of the data 
leading to these papers is described in the next chapter. Firstly though I will briefly review 
some other CMB instrumentation.
2 .3  O t h e r  I n s t r u m e n t s
There are a variety of instruments designed to measure both the temperature and polariza­
tion of the CMB; some currently in operation, some under construction and others planned 
for the future. The nature of the detection differs for each according to the frequency range 
desired. While bolometers may be the most suitable for the high frequencies at which 
QUaD observed, for lower frequencies the instruments make use of coherent systems bor­
rowing radio astronomy techniques. The latter measures both phase and amplitude whereas 
bolometers only measure the total intensity. Also the detectors used can operate at room 
temperature, and even the amplifiers can work at 20K, much higher and therefore easier 
to attain than the 300mK needed for bolometers. Polarimetry is carried out by splitting 
the incoming radiation with an orthomode transducer or a polarizing grid (better for higher 
frequencies) into orthogonally polarized components. Interferometers, used a great deal in 
radio astronomy, can be formed by coherent systems. A pair of telescopes combine the
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signals they receive using phase information acquired as the radiation reaches each tele­
scope separately. Whilst there is the obvious advantage with such systems of a much better 
rejection of the atmosphere, the multipole range which can be targeted may be limited by 
the baselines of the interferometer and its observing strategy.
Here are some short descriptions of a selection of other CMB experiments, past, 
present and future:
2.3.1 ACBAR
The Arcminute Cosmology Bolometer Array Receiver (ACBAR) operated at the South 
Pole for five consecutive austral winters measuring the temperature power spectrum very 
accurately on small angular scales at 150 GHz. The final results were published in Re- 
ichardt et al. (2009a).
Website:- http://cosmology.berkeley.edu/group/swlh/acbar/.
2.3.2 BOOMERANG
BOOMERanG (Balloon Observations OF Millimetric Extragalactic RAdiation aNd Geo­
physics) was a balloon-borne experiment, which flew around the Antarctic in 1998, initially 
measuring the peaks in the CMB temperature power spectrum. The flight has since been 
repeated (in 2003) after the instrument was upgraded with PSBs and polarizing wire grids. 
A good detection was made of the E-mode fitting with existing measurements and models 
(Montroy et al., 2006). This was the first time a detection of polarization was made using 
bolometers, boding well for QUaD and other such experiments also conducting bolometric 
polarimetry.
Website:- http://cmb.phys.cwru.edu/boomerang/
2.3.3 CBI
The Cosmic Background Imager (CBI) is a 13 element 30 GHz interferometer situated in 
Chile, observing on small angular scales (400 < t  < 3000) by means of large baselines. 
Again this was originally a temperature experiment upgraded to make polarized observa­
tions (Readhead et al., 2004) which provided strong E -mode detections consistent with 
those from other experiments. The latest results from Sievers et al. (2009) have combined 
five years of observations into a single temperature power spectrum.
Website:- http://www.astro.caltech.edu/~tjp/CBI/
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2.3.4 DASI
QUaD’s predecessor at the South Pole mount was the first instrument to detect the polar­
ization of the CMB (Kovac et al., 2002) using 13 feed-homs in an interferometric array 
operating from 26 GHz up to 36 GHz. Initially built as a small scale temperature experi­
ment, waveguide polarizers were inserted to allow measurements of E-mode polarization 
too.
Website:- http://astro.uchicago.edu/dasi/
2.3.5 MAXIPOL
MAXIPOL is another balloon-borne experiment and the first to use a rotating half-wave 
plate to measure polarization. This additional apparatus was added onto the experiment 
MAXIMA (Millimeter-Wave Anisotropy experiment Array) which had measured temper­
ature anisotropies (Balbi et al., 2001). After surveying an area of 8 square degrees with 
12 polarimeters centered around 140 GHz and analyzing up to I  ~  700, it found weak 
evidence for an E-mode power consistent with standard cosmology (Wu et al., 2007). 
Website:- http://groups.physics.umn.edu/cosmology/maxipol/
2.3.6 WMAP
Eight years after its launch the latest results from the Wilkinson Microwave Anisotropy 
Probe (WMAP) reported in Hinshaw et al. (2009) incorporate five years of data. It uses 
differential radiometers which measure the difference between two telescope beams, from
1.4 and 1.6 primary mirrors sat upon a 5m diameter solar panel keeping it in the shadows. 
Operating in space at L2, WMAP surveys the whole sky in five discrete radio frequency 
bands spanning 23 GHz to 94 GHz. The first data release in 2003 (Hinshaw et al., 2003) was 
simply temperature, but since then WMAP has gone on to take polarization measurements 
as well, with many improvements to the analysis along the way and it probably provides 
the most accurate data we have of the CMB on large angular scales (I  < 1000), at least 
until Planck’s results are announced.
Website:- http://map.gsfc.nasa.gov/
2.3.7 P l a n c k
Planck is a satellite with a similar sensitivity and the same detectors as QUaD, launched 
in May 2009. It is designed to map the entire sky (except for the galactic plane) and 
hence will measure down to low multipoles like WMAP. By using both PSBs and HEMT
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Figure 2.8: WMAP
The WMAP spacecraft.
(Image: NASA - http://map.gsfc.nasa.gov/resources/wmapsc.html)
(High Electron Mobility Transistor) amplifiers, Planck will be able to work over a range of 
frequencies, from 30 GHz all the way up to 353 GHz.
Website:- www.esa.int/planck/
While Planck may be able to measure the £-mode power spectrum to a similar 
degree of accuracy as that currently known of the temperature power spectrum, the next 
big challenge facing CMB cosmologists is measuring the B -mode signal. This will require 
advances in detector power as a far greater sensitivity is needed. A number of experiments 
are being planned to undertake this goal, although unfortunately due to the current eco­
nomic situation the major UK B-mode project, Clover (North et al., 2008), has had to be 
cancelled.
2.3.8 SPIDER
A balloon-borne experiment planned to fly from Australia in 2010, Spider has been de­
signed to study the CMB polarization with six telescopes at frequencies ranging from 70 
GHz to 300 GHz and large format bolometer arrays (Crill et al., 2008).
Website:- http://palquest.org/~lgg/spiderTront.htm
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2.3.9 QUIET
A proposal to upgrade CBI with an array of about 1000 polarimeters which will take 
measurements of Q and U simultaneously at 40 and 90 GHz, the Q /U  Imaging Exper- 
imenT (QUIET) aim will be to measure the B-mode spectrum over a multipole range 
40 < e < 2500.
Website:- http://quiet.uchicago.edu/
There are many others which have all contributed to a greater or lesser extent to our 
present knowledge of the CMB, along with lots of proposals for future experiments, some 
of which will see light, potentially adding to our current understanding of the field, perhaps 
even revolutionizing the cosmological theories entirely.
3 A n a l y s i s
“T h e  r e a l  g o a l  o f  p h y s i c s  is  t o  c o m e  u p  w i t h  a n  e q u a t i o n  t h a t
COULD EXPLAIN THE UNIVERSE BUT STILL BE SMALL ENOUGH TO FIT ON
a  T -s h i r t .”
L e o n  L e d e r m a n
3 .1  M a p s
After the low-level processing the next stage in the data analysis pipeline is that of making 
CMB maps from the timestream. Chapter 2 described the lead-trail scheme employed in 
the scanning strategy which permits removal of the ground pickup by field differencing. An 
alternative method also investigated with QUaD data is that of ground template removal. 
Regardless of the technique used it is imperative that the map-making procedure begins by 
a mitigation against the ground contamination otherwise it produces obvious artifacts in the 
maps.
3.1.1 F i e l d  D i f f e r e n c i n g
In the field differencing process the assumption is made that the ground signal, whilst 
obviously changing over longer periods of time, is constant on half hour timescales to a 
sufficiently accurate level. The differencing is carried out on a point by point basis sub­
tracting each half-scan from its partner a half hour later leaving a timestream which is, in 
principle, clean of ground pickup. Since we expect the CMB to be a Gaussian random 
field the power spectrum which will result from a differenced field is simply twice that of 
the non-differenced field. Whilst highly successful in removing the ground signal, and not 
changing the signal-to-noise, the disadvantage to this method is that the effective sky area 
is halved and this creates an increase of ~  40% (ACfd = V2ACnfd) on the uncertainties 
of the power spectrum measurements on all angular scales.
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3.1.2 G r o u n d  T e m p l a t e  R e m o v a l
In addition to the lead-field scheme providing a means by which to remove the ground 
contamination, there exists another feature of the observation strategy which can be taken 
advantage of for ground pickup mitigation. During each scan set the CMB field moves 
across the sky. There are 6 minutes between the time when a given sky pixel is first visited 
on the first half-scan of a set to when it is last visited on the tenth half-scan, and the sky 
rotates by 1.6° during this time. It is therefore possible to separate the signal on the sky 
which moves around from the signal on the ground which stays put, over scales smaller 
than 1.6°. Combining the data from both the lead field and the trail field (which will 
be completely fresh sky but the same ground) adds to the successful achievement of this 
separation. This is just slightly increasing upon the 30 minute assumption made with the 
field differencing, by suggesting that the ground signal remains constant over the time from 
the start of the lead scan-set to the end of the trail scan-set, which is 36 minutes.
We can say that the time ordered data (TOD) is given by:
di — S{(0) 4- G(a) -f- rti + oscan (3.1)
with Si(0) the sky signal, G(a) the ground signal as a function of azimuth a , rii the random 
noise and oscan a constant offset for each half-scan. Removing this offset prevents 1 / /  
atmospheric noise dominating when the ground templates are constructed. This offset is 
found simply as the mean of the data within each scan, from the region where all the half­
scans overlap. The ground is divided up into azimuth bins and the ground templates then 
come from summing all the data from both the lead and trail scan-sets which fall into each 
bin. The sums per bin are then normalized by dividing by the number of times each bin 
is hit during the scan, see Figure 3.1. The size of these bins does not seem to perceptibly 
alter the ultimate maps indicating that the ground varies quite smoothly in azimuth. It was 
set at 0.1°. Obviously these sums contain signal from both random noise and the CMB 
as well as the ground. For perfectly random noise and an ideal scan strategy these terms 
would average to zero, but instead the filtering of the CMB and noise signal this method 
introduces are taken into account later.
The templates are subtracted from the TOD to leave a timestream that should be 
free from ground contamination and the map-making process continues in the same way as 
that for the field differenced timestream.
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Figure 3.1: Ground Subtraction Technique 
On the left we see how the sky rotates slightly between each half-scan allowing data from 
several scans falling into a particular azimuth bin on the ground to be collected together 
forming a template. The right hand plot shows the number of constant velocity (blue) hits 
each 0.1° azimuth bin received each scan.
3.1.3 M a p -m a k in g
Whatever the means by which the TOD is cleaned from ground contamination the same 
procedure and map-making equations will now apply. The process begins with the sub­
traction of a polynomial (typically of third order) from each half-scan for each bolometer 
whilst using a source mask to hide any bright point-like sources. In doing this subtraction a 
substantial amount of atmospheric variation is removed. The maps are constructed on a per 
day per bolometer basis and later coadded. For each PSB pair the data is both summed and 
differenced to yield temperature and polarization TOD and so from here on the pipeline 
bifurcates to produce separate temperature (T) maps, and polarization (Q and U) maps. 
The principal equation used is:
ATN -1Am  =  ATN -1d (3.2)
A is a ‘pointing’ matrix indicating the pixel being observed on the sky for each TOD 
sample. N is the noise matrix, m the map being made and d the input data. The application 
of the pointing matrix A puts the data into pixellized bins. The overall telescope pointing 
came from a nine parameter pointing model handled by the telescope control computer
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and approximately one day each month was devoted to making a map of the bright source 
RCW38  to determine the pointing offset for each feed. These were checked every 8 hours 
by a routine observation of the source and the row calibration tests described in Section
2.1.8 allowed the relative angular separation between the feeds to be monitored.
If we make the assumption that the noise is white such that N  is diagonal with a 
single, constant number along the diagonal the solution to this equation is:
A T bins the data creating an unnormalized map, and A TA is a diagonal matrix of the 
number of samples hitting each pixel. This method of making maps under the assumption 
of white noise is referred to as ‘naive’, and there will be an error in this naive map of:
For a more complicated map an estimate of the noise power spectrum is needed. The 
possibilities then include using ‘brute force’, Jacobi solvers or conjugate gradient methods. 
Having acquired maps, by whichever technique for individual bolometers per day they can 
then be integrated into one final map, c, using:
S is constructed in a similar way to respresent all the noise matrices and s is a vector of all 
the maps:
m =  (Ar A) xA Td (3.3)
((m — (m))(m — (m)T) =  (ATA) 1A TN A (A TA) 1 (3.4)
c =  (Bt s-1B )~1B tS-1s 
where B is a vector composed of all the pointing matrices:
(3.5)
B — (Ao, Ai, A 2 , . . . ,  An_i) (3.6)
s =  m 2 (3.7)
y iTin —1 J
3 .1 . 4  T e m p e r a t u r e  M a p s
Maps of the CMB temperature are built from the summed data with a simple weighting 
applied:
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=  —*— y^UiSi  (3.8)
L,iWi '
with weights, ujiy given by:
«  -  <3.9,
r»nn.
This is an inverse variance weighting scheme wherein the noisy data becomes down- 
weighted upon division of each data point W  (x) by the variance vscan across each half­
scan. W  (x) is the data after an apodization mask has been applied. Such a mask serves to 
downweight the scan ends which otherwise create a tile effect at the edges of the map. The 
tile effect comes from the coaddition of an array of detectors across the focal plane each 
observing a subtly different patch of sky. If these tiles are not corrected for they lead to an 
up-mixing of power, that is power from large angular scales is transferred to smaller scales 
creating a falsely high level in the damping tail region of the spectrum.
QUaD temperature maps have been produced and published using both the field 
difference technique (Pryke et al., 2009) and the ground subtraction technique (Brown et al., 
2009) at both 100 and 150 GHz. The excellent spatial correlation between the patterns in 
the maps at the two frequencies is evidence of a very high signal to noise in the maps and 
three discrete sources showed up weakly detected in the maps.
There are two different ways in which the maps may be presented. The first is a 
straightforward flat sky approximation pixelizing the sky on a two dimensional cartesian 
grid of 1.2 arcmin pixels. The other, used throughout my work, employs a pixelization 
scheme called HEALPix (Gorski et al., 2005) to show the maps with the correct degree of 
spherical curvature for the declination at which the observations were made. The acronym 
HEALPix stands for Hierarchical Equal Area isoLatitude Pixelization; a clever system de­
signed to divide the sphere up into equal regions according to the desired resolution. The 
grid of pixels is then set up such that the centres form rings at constant latitude and they 
can be numbered in either rings or nests depending on what you are trying to achieve with 
the software. The resolution is described by a parameter Nside where the number of pix­
els over the sky is then given by 12N^ide. QUaD’s maps were made using a resolution of 
Nside = 2048 which means the whole sphere is divided into 50,331,638 equally big pixels 
of size 1.7 arcmin.
3 .1 .5  P o l a r i z a t i o n  M a p s
The process of producing polarization maps is a little more involved than that for the tem­
perature ones; equation 3.2 requires some modification to incorporate the polarization data.
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Figure 3.2: Temperature Maps 
Since the ground subtraction technique is an improvement upon that o f field differencing, 
with double the effective sky area and the fact that the sky is actually curved, it could be 
argued that the best maps are the HEALPix ones from the template removal method. (100 
GHz top and 150 GHz bottom)
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The simplest way is by merely making maps using the difference between detector pairs 
separately for each telescope rotation angle and bolometer orientation since they are linear 
combinations of Q and U. Without the assumptions of the PSBs being aligned perfectly 
at 90° or cross polarization being zero, however, the map-making depends on some more 
complex mathematics. The angle between bolometer A  and its pair B  is n/2  + 5cth for a 
particular horn, h. The cross-polar leakage, if the cross polarization is eh,d for detector d in 
horn h, is given by:
7 m  =  7 =r M  (3-10)1 +  cm
This cross polar leakage is not temperature to polarization leakage, but rather a small loss 
of efficiency in measuring the polarization by means of pair differencing arises because of 
slight misalignment. The effective angle of the bolometer is defined as:
t a n ( 2 / 3 , ) = ; ^ - ^ ; Sin; f ' - i  (3.11)
(7h,A +  7h,B) cos{oah)
The effective angle is added to the nominal angle o^, resulting in a nominal polarization 
angle of +  /3h, since half of the difference is assigned to each leg of the pair.
Chi-square statistics can be used as a measure of fitness to the theoretical expected 
data. It is defined from the difference maps, MhQ^h, as:
X2 =  y ^ h,ah(Mh,ah -  Qcos(2ah) -  U sin(2ah))2 (3.12)
h,ah
In this equation, u>h,aH is a weighting function, a characterization of the importance of each 
map. The same inverse variance, 1/a2, weighting as for the temperature can be used, or 
alternatively the weights can be uniform such that all the maps are weighted equally or set 
to zero to ignore a map. The weights are normalized to total unity. In order to find the 
values of Q and U for each pixel p that best fit the difference map, the chi-squared function 
can be differentiated with respect to both Q and U and then each set to zero. Combining 
the two equations obtained by this procedure and rearranging to determine Q and U gives 
a 2 x 2 matrix, as detailed in Appendix A:
(  \  W h 'aH cos(2a )^ cos(2afc) J 2 h , a h w h,c*h cos(2ah) sin(2afc) \
\  U p  )  V ^ h , a h w h , a h sin(2a )^ c o s ^ )  T < h , a h w h , a h sin(2a^) sinpa/,) )
x (  Ylh,ahWh,ahCOS(2ah)Mh,ah,p A ^
V sin(2ah)Mh^ p  )
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The exact weighting scheme used is o f less importance for the polarization maps compared 
to that o f the temperature case in equation 3.8 because the vast majority o f the atmospheric 
noise is removed by differencing the data from PSB pairs. The tiling edge effects due to 
the overlapping sky coverage are also less apparent with polarization.
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-1 0 0 .0  100.0 m icro -K  -1 0 0 .0  -mmm 100.0 m icro -X
Figure 3.3: Polarization Maps 
W hilst no polarization structure is visible to the naked eye in these Q (left) and U (right) 
maps, there is a great deal o f polarized CMB hidden amongst the noise. (100 GHz top and 
150 GHz bottom)
3.1.6 J a c k k n i f e  M a p s
As a probe for systematic contamination a battery o f jackknife tests are performed. These 
involve dividing the timestream approximately in half in a particular fashion such that each 
should contain identical sky signal. Upon subtracting one half from the other this same sky
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signal will disappear but any differing contamination will remain. A map is constructed 
in the same way as above for each relevant component of the timestream and then the 
subtraction from its partner is made and the resulting map is divided by two. There are four 
data splits which QUaD uses for its jackknife tests; deck angle, scan direction, split season 
and focal plane.
The deck jackknife is all the data taken at deck —3° subtracted from that at deck 
57°. The observation strategy not only means there is a 60° rotation of the entire telescope 
between these two halves but the data is taken over completely different azimuth ranges. 
The sets therefore are different in time, azimuth angle and detector polarization angle and 
it is consequently unlikely that some source of contamination would be common to both.
The scan direction jackknife divides the data into that from the forward scans and 
that from the backward scans. Something varying rapidly or something which is scan 
synchronous, such as motions of the liquid cryogens, would result in a non-zero map being 
produced in this test. It is therefore a good check of internal instrumental effects and 
requires successful deconvolution of the detector channel temporal responses.
The split season jackknife is simply taking the difference between the first half of 
the list of days and the second half. This is a check for significant shifts in the absolute 
calibration over time, or anything which might gradually change over the year.
The focal plane jackknife splits the data into that from the detectors aligned with 
one orientation angle and that from those set at 45° to this. Both deck angles are still 
included so each detector has still made observations at two polarization angles, thereby 
still permitting the polarization maps. This test might reveal some problems with false 
instrumental signals, but since this would probably also show up in the deck jackknife, this 
is perhaps the least useful test.
As was illustrated in Figure 1.4, a power spectrum is a means of summarizing all of the 
statistical properties of the CMB anisotropies. We assume the anisotropies to have a Gaus­
sian distribution and thus all the information within the CMB maps can be represented as 
an angular power spectrum by taking the spherical harmonic transform of the map:
As opposed to a noise-less complete sky however, QUaD, and indeed most of the other
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instruments, observes only a noisy fraction of the full sky. Spherical harmonic transforms 
of our cut-sky maps yield so called pseudo-power spectra. Correlations are introduced 
among the measured C^s and the variance is increased. This is to say that the pseudo-C^s, 
(Cis), are a mixture of the ‘true’ C*s over an £ range. The extent of the mixing is dependent 
primarily on the map-size (Magneville & Pansart, 2007), yet is not particularly influenced 
by its shape unless vastly elongated. The technique employed by our data analysis pipeline 
follows the MASTER method (Hivon et al., 2002) extended to polarization (Brown et al., 
2005).
The pseudo power spectra Cts are estimated from the maps using fast spherical 
harmonic transforms via the anafast program of the HEALPix package. These are then 
corrected for the effects of the cut sky, noise, timestream filtering, beam suppression and 
additional filtering arising if the ground subtraction technique was used to obtain the true 
Ces with the equation:
Q  =  4 ~ M U' (C< -  <N<)mc) (3.15)
Here, is a transfer function describing the effect of the polynomial filtering, the tele­
scope’s beam pattern on the data and filtering due to ground template removal. This cor­
rection is derived by means of running signal-only simulations. (N^)mc is the psuedo 
power spectra from noise-only simulations, averaged so that the noise is not too noisy! 
M#/ is a mode-mode coupling matrix dependent purely on the survey geometry describing 
the effects of the mixing occurring amongst the Cis due to a small finite sky area. The 
matrix is found following the recipes in Hivon et al. (2002) and Brown et al. (2005) using 
spherical harmonics on a window weighting function set to 0 outside of the observing re­
gion and values up to 1 inside. Since it is only the size of the sky cut which determines the 
matrix with no factors dependent upon angular scales on the sky or the initial spectrum, the 
width of the peaks does not vary with the angular size, £, but they merely become wider 
as the map size decreases. Thus the smaller the region of sky being observed, the more 
mixing takes place from other is  into the one being considered.
With the width of the peak being nearly constant with £ the coupling matrix is 
almost band diagonal (Magneville & Pansart, 2007, Figure 4). The upshot of this is that 
M#/ becomes uninvertible and so it is necessary to bin the power spectrum estimates. A 
binning operator P b>£ is used along with a binned coupling matrix M ^1 (Brown et al., 
2005) incorporating the filtering and beam corrections. The bin size is chosen such that the 
matrix becomes invertible without loss of information in making the assumption that the 
power spectrum is piecewise constant. The equation to be solved now becomes:
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P b = Y ,  2  Pvl “  W m c )  (3.16)
b' I
with the binned coupling matrix given by:
Mbb' — ^  Pm ^  M u'FiQyy (3.17)
i v
Qi>v is the inverse operator of the binning one, Pm, serving to unfold a band power back 
into individual Ces.
Just as the maps could be presented with either the curvature of sky incorporated 
or under the approximation of a flat sky, the power spectrum can also be produced with 
this approximation in place. In this case two dimensional Fourier transforms are used to 
estimate the power spectra and no correction is applied for the mode-mixing arising due to 
the sky cut. Instead this pipeline makes power spectrum estimations according to:
P(, = v  P *{C t -  <Nt )Mc)  (3.18)
e
with Ft the binned equivalent of the per-multipole transfer function Ft.
Whichever method is used for the spectral band powers, their error bars are found 
from the square roots of the diagonal elements in the covariance matrix, C w . A covariance 
matrix is the inverse of a Fisher information matrix; a matrix communicating the amount 
of information one parameter carries about another. In this case we are seeing how well we 
can determine the power spectra despite instrumental noise:
C w = (A P .A P;) (3.19)
We calculate this from the scatter amongst the power spectra measured from the simulations 
containing both signal and noise, which I now go on to describe.
3 . 2 . 2  S i g n a l  S i m u l a t i o n s
The WMAP5 parameters from Hinshaw et al. (2009) are fed into the CAMB (Code for 
Anisotropies in the Microwave Background) software (Lewis et al., 2000) to generate 
model ACDM power spectra. A modification of the synfast software in the HEALPix 
package is then used to yield curved sky maps of Temperature, and Q and U polarization 
with an nside of 8192, translating to 0.4 arcmin pixels. These simulated maps are then 
projected onto a two-dimensional grid and convolved with the QUaD beams. The QUaD 
data (except the signal) is then read in per detector per day, and for each the sky map, M,
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that would be observed given the detector angles, polarization efficiencies and model input 
T, Q and U maps is calculated as:
e being the cross polar leakage and 6 the detector polarization angle. A signal-only simu­
lated timestream is then reconstructed from this map according to the pointing information 
for each detector. Injected into this is some scatter amongst the nominal polarization angles 
and efficiencies of 1° and 0.015 respectively, along with a small pointing wander set by the 
generation of Gaussian random numbers of mean zero and variance 0.5 arcmin in RA and 
dec.
3 . 2 . 3  N o is e  S i m u l a t i o n s
The real TOD is made up of noise along with CMB and ground signal. Given that the 
instantaneous signal-to-noise is negligible, the CMB can be ignored when measuring the 
noise power spectra, but the ground, however, cannot. If the ground subtraction procedure 
were to be first carried out on the TOD, whilst being a successful technique for real data, 
the noise properties are left non-uniform. This is because the azimuth bins strategy in 
the ground template construction procedure results in noisier scan ends compared with the 
middle region, as Figure 3.1 illustrates. The noise is therefore measured from the field 
differenced TOD which adequately removes the ground signal since power spectra from 
differenced data are simply a factor of two times undifferenced spectra this technique may 
be used in conjunction with a pipeline where the rest employs ground template subtraction 
methods.
The noise power spectra could be obtained as the power spectra per each lead-trail 
set after field differencing, then divided by two and assigned to both corresponding lead and 
trail scans of undifferenced data. There are certain times, however, particularly amongst the 
temperature data when such a simple procedure is not satisfactory and so a more complex 
noise simulation method incorporating correlations between the detectors was developed.
In this case longer pieces of timestream are generated and then cut down to half­
scan length when the map construction takes place. To begin with the TOD from a complete 
five scan set with turnarounds included is Fourier transformed. The covariance matrix 
between detectors is taken of these Fourier modes for each of a series of logarithmically 
spaced frequency bins.
Cholesky decomposition (Press et al., 2007) is a technique commonly used with 
Monte Carlo simulations when there are multiple correlated variables. The covariance ma­
trix for each frequency bin is Cholesky decomposed. The possible correlations between
(3.20)
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real and imaginary parts of the Fourier modes between detectors are able to be preserved, 
but we are assuming no correlations between modes. The result of the decomposition 
is applied to a vector of uncorrelated random numbers to model the observed degree of 
covariance among detectors. Once all frequency bins have undergone this process the re­
sulting sets of modes are inverse Fourier transformed to give a simulated timestream. This 
noise timestream yielded can now be field differenced and maps produced as before. The 
sufficiently low instantaneous signal-to-noise means there is no need to first subtract the 
signal.
Sets (500-600 are used in the published results, but the more the better) of such 
signal-only and noise-only simulated timestreams are then run through the usual map- 
making pipeline. Either ground subtraction or field differencing, and polynomial filtering 
is applied as for the real data to obtain T, Q and U maps of the CMB as would be observed 
with QUaD’s detectors, beams and pointing in the absence of noise along with maps of just 
the noise, both fully accounting for the effects of filtering.
3 . 2 . 4  S i g n a l  p l u s  N o i s e  S i m u l a t i o n s
Simulated maps containing both signal and noise could be obtained by summing the signal- 
only and the noise-only timestreams and running this through the map-making pipeline. 
However, since all the data processing steps are linear, the results of this are identical to 
those obtained by simply adding the simulated signal-only maps to the noise-only ones, 
which is more efficient computationally. Just as for the real data, the noise bias is removed 
from each of these simulations by subtraction of the mean of the ensemble of noise-only 
simulations, and they are also then corrected for the beam and filtering with the transfer 
function.
3 . 2 . 5  T r a n s f e r  F u n c t i o n
The signal-only simulations are used to estimate the transfer function according to the
v
in which is the model spectra input to the simulations. M#/ is the mode-mode coupling 
matrix previously described, necessary because of QUaD’s small survey size.
equation:
(3.21)
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3.2.6 B a n d  P o w e r  W in d o w  F u n c t i o n s
It was also mentioned before that the power spectra are measured not as individual Cis but 
rather as band powers (Bond, 1995). A binning strategy is employed to give the average 
power spectrum through a filter called a window function (Knox, 1999). A set of band 
power window functions are used as a weighting applied to the theory spectrum in order to 
find its expected value in each Grange bin; its band power. These window functions, W w 
are defined by:
<p*> =  E ^ r < c <> (3-22)t
and found from:
W « = E  M m>; Z  (3.23)
v v
QUaD divides the data into bins of angular size 6£ = 80. Figure 3.4 shows the band power 
window functions for 23 of the bins from £ ~  200 — 2000 each normalized to total unity.
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Figure 3.4: Band Power Window Functions 
For each bin the function extends across the whole £ range filtering the power spectrum 
to give its average within that bin. Negative values arise as a consequence of applying 
the mode-mode coupling matrix described in Section 3.2.1. These are for the TT cross 
frequency spectrum.
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3.2.7 P o w e r  S p e c t r a  R e s u l t s
After all the simulations are completed, the signal-only ones used to find the filter transfer 
function and the noise-only to correct for the the noise contribution, equation 3.16 can be 
solved to give the power spectra, along with error bars derived from the scatter amongst 
signal plus noise simulations. Spectra are calculated separately for 100 GHz and 150 GHz 
and also cross spectra between the two frequencies. With both temperature and polarization 
data the six spectra described in Section 1.6.1 can be found; TT, E E , BB, T E , T B  and 
EB, giving a total of 18.
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Figure 3.5: 100 GHz Power Spectra 
Clockwise from top left: TT, E E , T E , E B , TB, BB.
The same set of 18 power spectra are produced for each jackknife map too, allowing 
various systematics to be checked according to the split made. To quantify the extent to 
which the jackknife tests are passed and the extent to which our power spectra agree with 
theory a statistical chi-square analysis is performed.
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Figure 3.6: 150 GHz Power Spectra 
Clockwise from top left: T T , E E , T E , EB, TB,  BB.
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Figure 3.7: Cross Frequency Power Spectra 
Clockwise from top left: TT, EE, TE, EB, TB, BB.
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3.2.8 C h i - S q u a r e  S t a t i s t i c s
The chi-square statistic is calculated using the equation:
x2 =  ]T (P i -  F f) C $ { P ,  (3.24)
*3
Here P* is the measured band power and Pfh is the expected value of the ith band power 
being tested. The band power window functions are used to bin the model ACDM spectrum 
for testing the signal against theory and for the jackknife tests the expected values are 
zero. C ij is the band power covariance matrix estimated from the ensemble of signal plus 
noise simulations. Because of the limited number of simulations, band power correlations 
become lost in noise beyond a few neighbours and so all except the diagonals and first two 
off-diagonal elements of the covariance matrix are set to zero. The matrix is recalculated 
for each simulation excluding the one in question so that any extreme cases are not able to 
compensate for themselves via their covariance.
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Figure 3.8: Chi-Square Statistics 
Two examples of the scan direction jackknife test TT spectra and chi-square plots: 100 
GHz which passes the jackknife test (top) and 150 GHz which fails (bottom).
The x2 values for the simulations should follow a x2 distribution with N  degrees of 
freedom, where N  is the number of band powers used in the analysis. Plots such as those 
in Figure 3.8 can be made as a histogram of x2 values measured from the simulations,
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along with a curve displaying the corresponding theoretical distribution and the position 
of the x 2 value given by the actual data (the red line). We can therefore compare the 
measured x2 values from the data to the distribution measured from the set of signal plus 
noise simulations and calculate the probability of a x2 value being greater by chance than 
that of the real data. We refer to this as a ‘probability to exceed’ (PTE) and ideally the 
values would be distributed uniformly from zero to one. A test is considered to be a pass 
if its PTE value lies between 0.05 and 0.95. Since a perfect cancellation isn’t necessarily 
expected for all the jackknifes because of the polynomial filtering and the scan strategy, 
the PTEs are calculated with respect to the simulation set rather than to the theoretical 
distribution, wherein such effects have been incorporated.
Since QUaD’s data collection was completed in October 2007 the analysis has been 
subjected to extensive scrutiny and each subsequent publication has involved some dif­
ferent techniques ever making the results better and more accurate by incorporating more 
systematic effects. Ade et al. (2008), Pryke et al. (2009), Friedman et al. (2009) and Brown 
et al. (2009) each report an analysis of QUaD’s data yielding different results, but each was 
subjected to the same set of jackknife tests and was not published until a satisfactory level 
of passes was achieved with no strong indications of problems.
To achieve a uniform distribution from zero to one across over 90 tests means some 
need to be very close or even equal to zero and one. Therefore some PTE values outside 
the pass range are actually expected and so long as these are randomly distributed amongst 
the tests this is fine. Also testing the measured signal power spectrum against a theory 
spectrum showed it to be in agreement with the ACDM cosmological model.
3.2.9 B a n d  P o w e r  D e v i a t i o n s
An alternative way of analyzing the jackknife test results is that of band power deviations. 
These show the extent to which each band power is contributing to the overall x2 statistic 
and come from dividing each spectral point by its error bar. In this way if there is a jack- 
knife failure the particular bin(s) or ^-range responsible can be identified. Furthermore if a 
number of failures occur within a single jackknife test but the band power deviation plots 
show it to be caused by a different band power in each case, then it is likely the failures are 
due to chance rather than some systematic contamination.
Band power deviations from the successful jackknife tests have the majority of their 
values within ±lcr of mean value amongst the simulations, i.e. between the two blue lines 
in Figure 3.9. Those from a failure have some more extreme values in particular bins. If 
these are even distributed along the ^-axis as is the case for the plot shown, there is less 
cause for concern than a cluster over a defined Grange.
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Figure 3.9: Band Power Deviation Plots 
The band power deviations corresponding to the scan direction jackknife tests of Figure 
3.8. The red lines indicate the positions of 2.3% and 97.7% of the distribution of signal 
plus noise simulation band power deviation values, the blue lines 15.9% and 84.1% and the 
grey line 50%.
After the spectra have been produced to a satisfactory degree of accuracy and possi­
bilities of significant systematic contamination ruled out via jackknife tests and the statisti­
cal results from them, they made be compared with those from other experiments and used 
both by themselves and in conjunction with the others to carry out parameter estimation.
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Figure 3.10: Comparison Plot 
QUaD’s data with that from other recent surveys (Brown et al., 2009).
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3 .3  Pa r a m e t e r  E s t i m a t i o n
3 . 3 . 1  L i k e l i h o o d  T h e o r y
As discussed in the introduction, the ultimate aim of CMB experiments is to better the 
accuracy with which we know each of the cosmological parameters describing the universe 
and its properties and thereby increase our understanding of it. The idea is to find the 
combination of parameters making the best fit to the data. This is accomplished by means 
of the likelihood function; the most likely set of parameters given the data is that which 
maximises the probability distribution assuming a given model.
If there are M  parameters, a, and a set of N  experimental data points, d, the prob­
ability of this data given the model is the likelihood function, L(d; a). The quantity we 
are trying to find is the reverse; the probability of the model given our data, P (a ; d). We 
make use of Bayes Theorem and Bayes postulate in order to obtain this quantity. The two 
probabilities are equal unless there is information you know about the probabilities of the 
parameters, (P (a )), before carrying out the experiment (from other experiments for ex­
ample) in which case these so called priors are incorporated in with the likelihood. The 
denominator is the sum of all possible data sets and serves as a normalizing factor:
n <~ .JN L (d;ak)P(ak)
P (“ ‘ ' d) =  W ( N  (3-25)
The most likely parameters, a* with i =  1 , . . . ,  M, are therefore those for which:
dP
7T- =  0 (3-26)oa{
Having followed this maximum likelihood approach we can now obtain the Fisher infor­
mation matrix to determine the extent of correlation between the parameters. In finding the 
information one parameter contains about another, we learn how much each of the others 
will need to change when any one of them changes in order to still fit the model. The Fisher 
information matrix is evaluated at the maximum likelihood values of the parameters, with 
C =  — In L, from:
d2C
F» =  ^ dai) (3-27)
The covariance matrix is then computed as the inverse of this Fisher information matrix:
Cij = F y 1 (3.28)
In this matrix the diagonal elements are the variances of each parameter, with the errors on 
them therefore having a value at least as high as the square roots of the diagonals according
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to the Cramer-Rao inequality (Press et al., 2007):
A a; > 1 /^ W j  (3.29)
From the off-diagonal elements we find the correlation coefficients between the param­
eters. For no correlation we would expect values of zero, whereas positive or negative 
values would indicate a positive or negative correlation respectively. The smallest errors 
are yielded when the maximum likelihood parameters are found and if there are no corre­
lations, such that the inequality of equation 3.29 becomes an equality.
Once the errors have been computed for the most likely values of each parameter, 
it is then possible to construct plots defining a region around each best fit value to con­
tain a certain percentage of the total probability distribution. Rather than try to fashion 
some seven dimensional ellipsoid to incorporate all the possibilities of all the parameters 
together at once, it is less painful on the imagination to plot several two-parameter error 
ellipses between the pairs of parameters, called likelihood surfaces. They are generally set 
to enclose 68% of the probability. Where the shape intersects the axis gives the error in a 
single parameter assuming the other to be known. If two parameters output the same shape 
this means they affect the spectra in the same way and thus cannot both be determined 
simultaneously to high precision; at least not without an external data source to break the 
degeneracy.
3 . 3 . 2  C o m p u t a t i o n
The parameter estimation is carried out by means of a Monte Carlo Markov Chain (MCMC) 
method based on that employed in the WMAP analysis (Verde et al., 2003). It is designed 
to efficiently explore the likelihood surface generating random simulations from the proba­
bility distribution, P (a k; d). The mean, variance and confidence levels can all be estimated 
from the simulation samples obtained. The chain does not depend on its starting location 
and will eventually have covered all the target distribution. A judgement must be made 
to determine when there is sufficient convergence as for any finite chain there will be ar­
eas which have not been visited but there comes a point where a reasonable sample of the 
surface has been taken. In the event of the likelihood surface not being fully explored the 
results will yield wrong cosmological parameters.
The procedure begins with a burn-in period, which is removed after around 100,000 
steps have been completed to leave at least 80,000. To obtain at least 4 chains of such length 
within a reasonable amount of time various techniques are employed to improve the effi­
ciency of the analysis. Some of the parameter combinations are degenerate which causes a
64 C h a p t e r  3 . A n a l y s is
slowing of convergence, but since there is little point in exploring areas of the surface af­
fected by the degeneracy a set of re-parameterizations is used to control this. A covariance 
matrix is used which takes into account all of the correlations between the parameters. The 
input priors, P (a k), are chosen such that the parameter space is optimal without having an 
effect on the outcome and the chain shouldn’t hit the imposed boundaries. QUaD used the 
same priors and re-parameterizations as WMAP, along with the same convergence/mixing 
test to check the completion of sufficient coverage of the likelihood surface. The chain 
is further optimized by careful selection of a step-size and by calculating the parameter 
covariance matrix after an initial run. Extra terms are added to the band power covari­
ance matrix to compensate for the beam and calibration uncertainties. Therefore the more 
accurately we are able to understand these features of the experiment the smaller the un­
certainties on them will be and consequently the errors on our parameters will be smaller.
3.3.3 R e s u l t s
Parameter estimation results from the first season of QUaD data were published together 
with the power spectra results in Ade et al. (2008). The parameters reported came from 
the convergence of four chains each with around 50,000 steps. This analysis was a six 
parameter constraint using only the polarization spectra (TE, E E  and BE). It was found 
that: ‘For all the parameters our 68% confidence limit enclosed the WMAP3 expectation 
value.’
A more in depth parameter estimation analysis was performed following the second 
and third season spectra of Pryke et al. (2009) and published in a separate paper Castro et al. 
(2009). In this analysis not only was the standard six parameter estimation performed for 
temperature-only, polarization-only and temperature plus polarization but also an extension 
to include isocurvature modes. The scalar primordial perturbations of the CMB responsible 
for large scale structure formation are due to density fluctuations. An adiabatic model 
suggests that these density fluctuations were present initally, but they could also have been 
generated by stresses within the matter pushing matter around. We call this isocurvature 
and there are four possible modes: baryon density, cold dark matter, neutrino density and 
neutrino velocity. Their phase is different from that of adiabatic modes and there are various 
features in the polarization spectra which provide insight into the isocurvature constraints.
This time the QUaD temperature data was found to be in good agreement with 
WMAP5 expectations but the polarization results were less so, the baryon density param­
eter, Qbh2, in particular being much higher. This appeared to have resulted from the T E  
spectrum and it was concluded that either some new physics were responsible, some re­
maining residual systematics or that the results arose by chance. Then it was left to see
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Parameter Symbol Value
Baryon Density Q.tK1 0 0243 +u uu'25U.UZ+O —0.0025
Cold Dark Matter Density Qch2 0 119 +0 0253U.liy -0.0250
Acoustic Peak Scale 0 1 041 +0005 I.Uftl _o.o05
Optical depth T < 0.54 95%C.L.
Scalar fluctuation amplitude ln(1010As) q co +0.28 0.0O -0.30
Scalar fluctuation index ns 0.804
Age (GYr) 13.5 l£ i
Dark Energy Density Qa 0.68
Matter Density o.321812
Reionization Depth Zre 23.9 !jj;J
Hubble Constant Ho 71 1 +10.9 / i -i -10.9
Linear Mass Perturbation cr8 o.9818:18
Table 3.1: QUaD cosmological parameter results from the improved temperature and polar­
ization spectra.
if future polarization experiments or the improved QUaD analysis would show the same 
trend. In investigating the isocurvature modes QUaD was able to provide some improve­
ment on the fractional cold dark matter density mode parameter over WMAP5 but nothing 
significant.
Upon developing the ground subtraction technique and re-analysing QUaD data to 
provide improved measurements of the temperature and polarization of the CMB (Brown 
et al., 2009), the parameter estimation was repeated. The results from this analysis were 
then reported in Gupta et al. (2009), again with temperature-only, polarization-only and 
combined temperature - polarization sets. They each provide tight constraints on the pa­
rameters consistent with those from WMAP5 and other CMB data, with the only exception 
being a lower preferred value for the scalar fluctuation index, ns (0.804 compared with 
0.967 in the WMAP5 analysis). In addition to the standard six parameters a number of 
other derived parameters were calculated and presented in the paper. Table 3.1 lists the 
complete temperature plus polarization results from Gupta et al. (2009).
Gupta et al. (2009) also contains results from a tensor analysis, providing a con­
straint on the parameter r, the ratio of tensor to scalar perturbation assuming the tensor 
tilt, nt is related to the tensor and scalar amplitudes via nt = —A tj(8AS). The constraint 
achieved by QUaD is r  < 0.32 to 95% confidence; the strongest limit to date on the tensors 
from the CMB alone.
Whilst adding polarization data to temperature does break some degeneracies amongst 
the parameters allowing a more accurate estimation to be made, they can be even further
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constrained by the addition of other cosmological data. Observations of galaxy clustering, 
supemovae, baryon acoustic oscillations and large scale-structure along with the Hubble 
Space Telescope data from deep field surveys and CMB data from other experiments prob­
ing different ^-regions, can all be added to QUaD’s data.
Castro et al. (2009) added to QUaD the WMAP5 data set from the LAMBDA web­
site1 and large scale structure data from SDSS Luminous Red Galaxies fourth data release 
(Tegmark et al., 2006). Brown et al. (2009) investigated the effect of adding QUaD to the 
WMAP5 data, the SDSS data and also the final results from the ACBAR experiment (Re- 
ichardt et al., 2009a), whilst Gupta et al. (2009) additionally included results from CBIPol 
(Sievers et al., 2009) and BICEP (Chiang et al., 2009).
Since WMAP has measured the low-/7 region, in particular the first peak, to such a 
high degree of accuracy, QUaD’s contribution comes in tightening the errors on parame­
ters more dependent on the high-^ peaks and their relative heights; the baryon and matter 
densities. Adding QUaD to the datasets from several previous CMB experiments aswell as 
throwing galactic data into the mix allows as much information as possible to be included 
and the parameters derived the most accurate to fit all this data, making for a stronger con­
straining power than any dataset alone might permit and providing the best tightening of 
parameter space towards the best description of cosmology.
1 LAMBDA website: http://lambda.gsfc.nasa.gov/
4  D u s t
“ S i n c e  e v e r y  p i e c e  o f  m a t t e r  in  t h e  u n i v e r s e  is  i n  s o m e  w a y  a f ­
f e c t e d  BY EVERY OTHER PIECE OF MATTER IN THE UNIVERSE, IT IS POS­
SIBLE TO EXTRAPOLATE THE WHOLE OF CREATION - EVERY SUN, EVERY 
PLANET, THEIR ORBITS, THEIR COMPOSITION AND THEIR ECONOMIC AND  
SOCIAL HISTORY FROM, SAY, ONE SMALL PIECE OF FAIRY CAKE.”
D o u g l a s  A d a m s  - T h e  R e s t a u r a n t  a t  t h e  E n d  o f  t h e  U n i v e r s e
4 .1  F o r e g r o u n d s
Between QUaD and the CMB lies much more than just empty space. Although an ob­
servation region through minimal foreground was chosen, nevertheless any astrophysical 
phenomena emitting at millimeter wavelengths will have been included along with the 
CMB in QUaD’s measurements. A foreground can be defined as anything between the 
surface of last scattering and the telescope. A constant foreground, such as the atmosphere, 
would simply be an addition to the total background power, increasing photon noise and 
therefore decreasing sensitivity. Unfortunately however, the foreground fluctuates over the 
sky adding spurious signal into the CMB fluctuations. We rely on the differing spectral 
and spatial distributions of the foreground components in order to separate them from the 
CMB, however it is entirely possible that by chance there is a correspondence of large scale 
structures between the two (Chiang et al., 2008).
The area of sky observed by QUaD was directed away from the galactic plane 
but the extended emissions to high galactic latitude are unavoidable. Galactic foreground 
sources include dust, synchrotron and free-free emissions. We may also encounter contam­
ination from the extra-galactic emissions of radio and infra-red galaxies, and high energy 
electrons from galaxy clusters may distort the CMB via the Sunyaev-Zel’dovich effect.
Bennett et al. (2003a) reported on the foregrounds measured by WMAP after its first
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year and more recently Kogut et al. (2007) and Gold et al. (2009) for the third and fifth year 
WMAP data respectively. WMAP mapped the entire sky at five frequency values ranging 
from 23 GHz to 94 GHz and used masks to block those regions in which the foreground 
signal dominated over the CMB (i.e. the Galactic plane and point sources). In the range 
30 - 150 GHz and at galactic latitudes above ~  15° the CMB is dominant, with the other 
components dependent upon frequency according to Figure 4.1.
CMB Anisotropy
40 60 80 100
Frequency (GHz)
Figure 4.1: WMAP Foreground Amplitudes 
CMB Anisotropy compared to Galactic emissions on a 1° angular scale (Bennett et al., 
2003a).
We therefore see that at frequencies lower than 30 GHz the synchrotron emissions 
become more dominant whilst at higher frequencies the dust takes over. If observations 
are made at the frequencies where these components do dominate then templates can be 
made of their contribution at CMB frequencies by extrapolation. A model of frequency 
dependence is required for this, which comes from using two or more maps at similar 
frequencies and fitting a theoretical model.
4 .2  D u s t  M o d e l s
Dust makes up 1% by mass of the interstellar medium. Since we exist within this interstellar 
medium our view of the universe is always obscured by dust to some extent. Dust consists
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of small grains that can be made up of Carbon, Nitrogen, Oxygen, Aluminium, Silicon, 
Magnesium or Iron, with a composition largely dependent on the Carbon-Oxygen ratio 
in the local environment upon formation (e.g. Desert et al., 1990). It forms in the outer 
atmosphere of red giants and is then blown out by radiation pressure. It can also be found in 
the ejecta from Wolf-Rayet (helium) stars, planetary nebula, novae and supemovae. There 
is an upper limit on the size of a dust grain since to be ejected it must permit radiation 
pressure to overcome gravity.
Trumpler discovered dust in 1930 as the explanation for the paradox of clusters 
appearing bigger and brighter than their distance from us would suggest. In fact the inter­
stellar dust was causing the extinction of light from the cluster making them seem further 
away than they truly were. Dust grains absorb photons from starlight which excite vibra­
tional modes within them and are then re-emitted at a lower frequency. The peak of dust 
emissions occurs at about 3000 GHz (100 /xm), therefore we expect QUaD to see a higher 
level at 150 GHz than at 100 GHz.
4 .2 .1  I n t e n s it y  M o d e l s
Finkbeiner et al. (1999) used data from the FIRAS and DIRBE instruments on COBE along 
with IRAS results to create a detailed map of dust in the universe extrapolated to CMB 
frequencies with the resulting prediction (shown in Figure 4.2) at 94 GHz made publicly 
available2.
Figure 4.2: All-Sky Dust Map 
An extrapolation of surveys by FIRAS, DIRBE and IRAS to 94 GHz.
2http://lambda.gsfc.nasa.gov/prcxluct/foreground/fg_fds_get.cfm
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The extrapolation to lower frequencies is sensitive to the composition and the emis- 
sivity of the dust grains. For a simple model dust can be treated as a grey body with a 
particular temperature and emissivity. The emission is then dependent on frequency ac­
cording to:
=  v*B (v, Tdust)
" vgB0 (v,Tdust) y - ’
where B(v, T ) is the Planck function at temperature T  and frequency v. Schlegel et al. 
(1998) assumed this naive model finding a = 2 as the best fit to the 100 n m DIRBE and 
IRAS data used to generate the initial dust map. However, it turns out that this single 
power law emissivity function is not an accurate fit at all frequencies. When correlated 
with the FIRAS data, Finkbeiner et al. (1999) found a n a  =  1.5 profile to be better at low 
frequencies whilst a n a  =  2.2 emissivity proved better for higher frequencies.
They suggested, against earlier predictions, that different types of dust grains within 
the interstellar medium might obey differing emissivity laws, with particular species be­
coming more dominant at certain frequencies. Dust particles can be divided into three 
main groups based on their size and composition:
•  Polycyclic Aromatic Hydrocarbons are the smallest, dominating at high frequencies 
with characteristic C-C and C-H vibrations creating characteristic emission lines be­
tween 3 and 17 /xm. A single energetic photon can heat them to a high temperature 
since they are so small.
•  “Very Small Grains” are bigger carbonaceous grains about 10 nm in diameter which 
dominate up to about 80 /xm. Their temperature is also affected by the absorption of 
a single photon.
• Larger grains becoming dominant above 80 /xm are not affected by a single photon, 
rather they have an equilibrium temperature dependent on the surrounding environ­
ment.
The multi-component model described by Finkbeiner et al. (1999) neglects emis­
sions from the small grains that are insignificant at FIRAS frequencies (30 -  3000 GHz). 
Combining laboratory measurements of various species of dust along with abundances re­
vealed through observations of molecular cloud cores, they propose models in which each 
component can be characterized by an emissivity power law, a , a power fraction, / ,  and 
a ratio of thermal emission to optical opacity, q. The best fitting two component model is 
found to be one with = 1.67, a 2 =  2.70, f i  = 0.0363 and ^  =  13.0. Physically this 
means there is a component of dust (with a  =  1.67) that only makes up 3.63% of the dust
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but which has an opacity ratio 11.2 times higher than the dominant species of dust. This 
component has a temperature of 9.4K whilst the dominant component is at 16.2K. With 
this model the equivalent extrapolation to that of equation 4.1 is:
, =  12k fkQ k^B  (v, Tdustk)
12k fkQkVoBa O. Tinstk)
in which k is the dust component. This is a slight approximation as there is also a weak 
dependence upon grain size but it is quite reasonable to neglect this under the assumption 
that each component has a single temperature within a small locale. In fact over the small 
frequency interval observed by QUaD is it likely that one single component will domi­
nate, nevertheless the best fit model by Finkbeiner et al. (1999) extrapolated to 94 GHz is 
convenient for our use.
4.2.2 P o l a r i z a t i o n
Magnetic fields can cause dust grains to become aligned, and this results in polarization 
of the dust emission. Generally the grains have a non-spherical shape and they will emit 
preferentially along their longest axis. With a random distribution this will lead to no net 
polarization but if the long axes become aligned there will be a polarized fraction of the 
overall emission. To understand the distribution of the polarized dust we need information 
about the intrinsic dust polarized emissivity, the strength and direction of the magnetic field 
and the polarization reduction factor.
The intrinsic polarized emissivity depends upon the type and shape of the dust 
grains which we know and can model to a certain extent as described above. According to 
Prunet et al. (1998) if the grains are an oblate spheroidal shape with an axis ratio ~  2/3, 
and a graphite to silicate ratio of ~  0.25 — 0.5 then the intrinsic polarized emissivity will 
be ~  30%.
They also describe the great uncertainty with which we know the relative direction 
of the magnetic field to the dust but how recent observations show, in agreement with 
theory, that the alignment of the dust grains is independent of the strength of the magnetic 
field.
The actual percentage of polarization is lessened by a ‘polarization reduction factor’ 
accounting for the projection of the polarization direction onto a two dimensional plane of 
the sky and in summing the contributions of various different directions of polarization 
along each line of sight.
A three-dimensional model of the dust polarization is thus made under the assump­
tion that it is correlated with HI emissions and then integrated along the line of sight, taking 
into account the polarization reduction effects, to create a two-dimensional map. Results
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from this suggest a polarization percentage of ~  3 — 5% and that the corresponding power 
spectra has a spectral index of 1.3 — 1.4. Measurements by ARCHEOPS (Benoit et al., 
2004) of the polarized dust emission agree with this, suggesting a 4 — 5% polarized signal.
A somewhat simpler model is proposed in Baccigalupi (2003) making the assump­
tion of a perfect correlation between total and polarized intensity with a 5% degree of 
polarization. Also because they assume the Galactic magnetic field to be completely effi­
cient at imprinting a polarization pattern to both dust and synchrotron, they take the dust 
polarization angle map to be the same as that of synchrotron emission. They found this to 
be in good agreement with the model of Prunet et al. (1998).
4 .3  L o o k i n g  f o r  D u s t  i n  Q U a D  D a t a
QUaD surveyed a particular patch of the sky centred at RA 5.5h, Dec —50°. We can extract 
the relevant section of the full sky dust map in Figure 4.2 to obtain a prediction of the dust 
in our observing region.
0 .0100  m K elvin
Figure 4.3: Dust Map at 94 GHz 
The all-sky dust map trimmed to QUaD’s observing region.
This trimmed map, shown in Figure 4.3, can then be put through the same map- 
making pipeline (my specifically adapted version of the codes) as that of the simulated 
CMB maps described in Section 3.2.2. From this we obtain a map of the dust as if it had 
been obtained with QUaD’s observing strategy. The pointing information from the 143
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Figure 4.4: Field Differenced CMB and dust maps 
Being run through the same map-making pipeline allows the CMB maps (left) to be directly 
compared with maps o f the dust prediction in QUaD’s region (right) at both 100 GHz (top) 
and 150 GHz (bottom)
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good days of QUaD’s actual data is used, along with beam convolutions, inverse variance 
weights, third order polynomial filtering and field-differencing. The maps outputted are 
then identical in both size and resolution to those the pipeline produced of the CMB with 
the real TOD.
4 . 3 . 1  S t a t i s t i c a l  C o r r e l a t i o n s
Whilst a visual comparison can be made using Figure 4.4 there are various statis­
tical ways in which the maps may be more quantitatively compared. A simple means of 
correlating the pairs of maps is to make scatter plots pixel by pixel; the temperature from 
the CMB map against that from the dust map. A linear fit algorithm can then be used to 
quantify the level of any correlation therein. Two such algorithms are one which minimizes 
the chi-square error statistic and one that uses a least absolute deviation method (Press et al., 
2007). The latter is less sensitive to outlying data. The gradients of these linear fits is one 
means by which level of correlation between the maps can be quantified. It is immediately 
obvious from the widespread distribution in the scatter plots of Figure 4.5 that there is not 
going to be any significant correlation.
Over an ensemble of universes we would expect there to be no correlation between 
the true CMB and the foreground, however one particular sky pattern (such as ours) may 
generate non-zero correlations by chance. It is therefore necessary to quantify an error 
on any correlation value obtained introduced by the possibility of a chance alignment of 
structures. We can do this by comparing the results to those of situations for which we 
definitely wouldn’t expect any correlation except by chance. Different but equally sized 
patches of the all sky dust map can be correlated with the QUaD maps in the same way 
as the real section of the dust map. If we imagine that we have a cookie cutter shaped 
like Figure 4.3 we can work our way around the sky in longitude whilst staying at the 
same latitude cutting out maps to use. Then flipping to the same latitude in the opposite 
hemisphere and again working around the sphere in longitude provides a total of 37 QUaD 
sized regions of dust.
As the all-sky map in Figure 4.2 shows there is significantly more dust along the 
galactic plane so we should stay away from this. In the galactic co-ordinate system the 
galactic plane runs across the centre and locations are defined with galactic latitudes, /, 
and longitudes, b. QUaD, however, uses the equatorial co-ordinate system with its pointing 
information given in terms of right ascension (RA) and declination (Dec). Figure 4.6 illus­
trates in both co-ordinate frames the arrangement of the 3 7  regions along with the location 
of QUaD.
Each of these maps is then treated in the same way as before to give maps similar
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Figure 4.5: Dust Scatter Plots 
Pixel by pixel correlations between QUaD CMB maps and dust maps at 100 GHz (top) and 
150 GHz (bottom) with a least chi-square linear fit (blue) and a least absolute deviation fit 
(red) overplotted.
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Figure 4.6: QUaD Sized Regions Around the Sky 
The Galactic Plane shown as the thick black line in the galactic co-ordinate system trans­
lates to the dotted line in the Equatorial frame. The centre of QUaD’s observing region is 
marked with an asterisk and the 37 identically sized alternative regions are marked with 
crosses and plus signs in the two co-ordinate systems.
to those in Figure 4.4 and scatter plots like those in Figure 4.5. The standard deviation 
amongst the alternative foreground regions can then be taken as the errors on the linear fit 
gradients as given in Table 4.1.
Correlations and covariances are defined as measures of strength between two or 
more sets of random variates. Cosmic covariance (Chiang et al., 2008), in analogy with 
cosmic variance, is a limitation arising as a consequence of our single sky preventing us 
from being sure that any correlation between the CMB and the foreground is accurate. This 
cosmic covariance can be expressed via a cosmic correlation coefficient, a value between 
— 1 and 1 quantifying the level of similarity amongst the temperatures. Positive or negative 
unity indicates a perfect correlation whilst zero means there is no correlation. The coeffi­
cient, Xcmb,Fi is calculated from the temperatures of the CMB and foreground, and 7> 
respectively, according to:
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_ ( T c r n b T p )  ~  ( T c m ^ i T p )
% c m b , F  —  ( 4 - 3 )
& c m b & F
where the angled brackets denote averages and a the variance. Again an error can be found 
on this coefficient by calculating its value for each shifted region and taking the standard 
deviation from the results.
4.3.2 C o r r e l a t i o n  R e s u l t s  a n d  D i s c u s s io n
The cosmic correlation coefficient results with their errors are summarized in the 
table below along with those from the linear fits:
100 GHz 150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
-7.89 ±  8.00 
-5.89 ±  7.34 
-0.042 ±  0.063
-0.33 ±7.18 
-1.92 ±  7.00 
-0.001 ±  0.037
Table 4.1: Results from the linear fits and the correlation coefficient between QUaD’s CMB 
maps and the dust predicted in its observing region.
Coamio Correlation Coaffia«nt Coamic Correlation Coefficient
Figure 4.7: Correlation Histograms 
The scatter amongst the 37 shifted region CMB-dust correlation coefficient is shown with 
QUaD’s correlation coefficient (purple line) at 100 GHz (left) and 150 GHz (right).
Histogram plots can be made illustrating the scatter seen in the correlations among 
the 37 alternative regions. The QUaD correlation value is shown in purple with green lines 
marking one standard deviation either side.
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Whilst interesting that the statistical tests result in a negative correlation, it is clearly 
not significant in light of the errors which are all greater than the value of the correlations 
themselves. The histogram is tending towards a Gaussian shape albeit with a slightly neg­
ative mean. Both histograms show the zero point encompassed within the two green lines 
which are the lcr error boundaries, and thus to within la  there is no significant correlation. 
We can therefore conclude that the negative correlation observed is more likely due to a 
chance matching of morphology rather than actual foreground contamination.
4 .3 .3  C r o s s  C o r r e l a t i o n s
In Section 3.2.7 it was mentioned that power spectra could be calculated between the two 
frequencies; a cross frequency spectrum. The same principles can be applied to obtain a 
cross power spectrum between the QUaD CMB maps and the dust map, rather than between 
the 100 GHz and 150 GHz CMB maps. Error bars on this can be found as the scatter 
amongst a set of cross spectra produced from signal plus noise CMB simulations (see 
Section 3.2.4) and the dust map. In QUaD’s analysis the first two band powers are ignored 
because the CMB isn’t measured well on these large angular scales, hence these are shown 
fainter in the plot, Figure 4.8.
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Figure 4.8: Cross Power Spectrum 
The power spectrum obtained between Q U aD ’s CMB map and the dust map. The results 
of the same cross spectrum performed with simulated CMB maps are shown in light blue 
with their average as the blue line.
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It can be seen that all of the points, inclusive of their error bars, lie within the spread 
of simulations with not a single band power showing any extreme behaviour. As a further 
clarification of this result we can take this cross power spectrum and use it to create a band 
power deviation plot in exactly the same way as Section 3.2.9 described.
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Figure 4.9: Dust Band Power Deviations 
Each spectral point is divided by its error bar and then plotted with coloured lines indicating 
the distribution of the simulations. Green lines indicate the positions of 2.3% and 97.7% of 
the distribution of signal plus noise simulation band power deviation values, the red lines 
15.9% and 84.1% and the blue line 50%.
As expected it is clear from this plot that on a per band power basis, in compari­
son with simulations there is no evidence of any problems nor any suggestion that a dust 
foreground might be contaminating the data.
4.3.4 P o l a r i z a t i o n  C o r r e l a t i o n s
Section 4.2.2 concluded that a simple yet robust model of the dust polarization was to as­
sume a perfect correlation between the dust’s total intensity and its polarized intensity, just 
with 5% the strength. Under this assumption it is therefore satisfactory to test for polar­
ized dust foreground contamination via correlations between the dust temperature maps 
and QUaD’s polarization ones. We can use both the Q and U maps as well as constructing 
total polarization ones from equation 1.7:
80 Chapter 4. Dust
II = Q2 + (4.4)
Error bars on linear fits and cosmic correlation coefficients calculated may be obtained in 
the same way as for the temperature.
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Figure 4.10: Polarization Scatter Plots 
Pixel by pixel correlation between QUaD’s 150 GHz U CMB map and the dust map with a 
least chi-square linear fit (blue) and a least absolute deviation fit (red) overplotted.
Figure 4.10 is just one example of the polarization scatter plots. All the results from 
Q, U and total polarization intensity, P, at both frequencies are summarized in Table 4.2
Overall, despite a few instances in which this isn’t true, the error bars are bigger than 
the value of the fits or correlations. There is no particular polarization state or frequency 
showing a significant correlation across all three tests, indicating that QUaD’s polarization 
data is clean of any dust contamination.
The conclusion that neither QUaD’s temperature nor its polarization data is tainted 
by a dusty foreground might seem like quite a boring result from a foreground science point 
of view. It is nevertheless very good news for QUaD, confirmation that a good choice of 
dust-free observing region was chosen and one step towards proving the robustness of our 
CMB results.
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100 GHz
Q
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
0.41 ±0.41 
0.11 ±0.25 
0.0042 ±  0.0061
-0.39 ±  0.29 
-0.33 ±  0.29 
-0.0071 ±  0.0084
100 GHz
U
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
0.91 ±0.41 
0.08 ±  0 .2 0  
0.0093 ±  0.0054
0.29 ±  0.40 
0.37 ±  0.38 
0.0051 ±  0.0093
100 GHz
P
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
1.02 ±  1.35 
8.45 ±  4.91 
0.0083 ±  0.017
0.59 ±  1.03 
7.63 ±4.16 
0.0078 ±  0.027
Table 4.2: Polarization linear fits and correlation coefficient results between QUaD’s CMB 
polarization maps and the dust map.

5 S y n c h r o t r o n
“ S c i e n t i s t s  h a v e  d i s c o v e r e d  a  n o i s e  m a d e  j u s t  p r io r  t o  t h e  B ig  
B a n g  t h a t  s o u n d s  s o m e t h i n g  l i k e  ‘o o p s ’ ! ”
C u l l y  A b r e l l
5. 1 S y n c h r o t r o n  R a d i a t i o n
Having established through various statistical analyses and cross correlation studies that 
dust did not contaminate either QUaD’s temperature or polarization data to any significant 
level we can now turn out attention to another potential foreground candidate. Figure 4.1 
illustrated that whilst dust is the dominant foreground component at higher frequencies, 
below around 50 GHz synchrotron emissions become more significant. At QUaD’s 100 
and 150 GHz frequencies, however, the expected levels of synchrotron radiation are very 
low. We can nevertheless perform the same tests to ensure this is the case and that no 
problems are revealed.
When cosmic ray electrons are accelerated in a magnetic field they emit synchrotron 
radiation. This often occurs in association with type lb (Wolf-Rayet stars which have lost 
almost all of their hydrogen in a heavy solar wind to a companion star) and type n  (single 
very massive stars) supemovae. The Galactic magnetic field accelerates relativistic elec­
trons released in a supernova causing them to emit synchrotron radiation dependent upon 
the electron energy distribution and the strength of the magnetic field. The frequency of 
the emission for electrons with a relativistic gamma 7  1 is given by:
qB
u  = -±—  (5.1)
7772c
with B  the magnetic field strength, and q and m  the charge and mass of an electron respec­
tively. In the extremely relativistic case, beaming will occur, bunching the radiation, and 
resulting in an emission spectrum with a characteristic critical frequency:
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2 me
(5.2)
a  being pitch angle; the angle between the electron’s velocity vector and the magnetic field.
5.1 . 1  I n t e n s i t y  M o d e l s
As Figure 4.1 demonstrated, synchrotron radiation is most dominant at radio wavelengths 
and this therefore means we can use radio maps to create templates of the synchrotron 
radiation and in a similar way as for the dust extrapolate it up to CMB frequencies. For 
this again we need to know how the emission scales with frequency. A simple power law 
is most commonly used for the frequency dependence with a spectral index a:
in which v* is the reference radio frequency and T  is the thermodynamic temperature (pro­
portional to intensity), as opposed to the antenna temperature more commonly used in long 
wavelength astronomy, which follows a power law with a different spectral index, a  in turn 
depends upon the cosmic ray electron energy distribution, also expressed as a power law 
with an index 7 :
The intensity spectral index, a , is related to this energy spectral index by a  =  ( 7  — l) /2  
and takes values 0.5 < a  < 1.1 based on 2.0 < 7  < 3.2.
Data from four separate surveys (Jodrell Bank Mkl, Bonn 100 meter, Parkes 64 me­
ter and Jodrell Bank MklA telescopes) were combined to yield a full sky radio continuum 
brightness map at 408 MHz (Haslam et al., 1981, 1982). Whilst this map, Figure 5.1, has 
an angular resolution of 0.85° there are still sufficiently large enough errors associated with 
it to warrant a significant uncertainty in an extrapolation to a higher frequency, and also 
there is no comparable all-sky map with which to investigate the spectral index. Smoot 
(1999) describes other incomplete sky radio maps of varying angular resolutions and levels 
of uncertainty which ultimately reveal our general lack of understanding of the true spectral 
index.
It was suggested in Bennett et al. (2003b) that only ~  10% of synchrotron radiation 
comes from the electrons trapped in the magnetic fields of discrete supernova remnants. 
The remaining 90% is from the diffuse emissions of cosmic ray electrons spread across 
the galaxy. These two components have very different spectral indices (Lisenfeld & Volk, 
2000) which also vary over frequency range. The spectral shape of the diffuse synchrotron
T ( u ) = T (  ^ ) ( ^ r Q (5.3)
N( E)  oc F T 7 (5.4)
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Figure 5.1: All-Sky Synchrotron Map 
Radio continuum brightness map at 408 MHz from 4 separate surveys.
(Image: NASA - http://lambda.gsfc.nasa.gov/product/foreground/fJmages.cfm
emission is determined by the physical processes affecting the propagation of the cosmic 
ray electrons. Propagation by diffusion or by convection, energy losses occurring via syn­
chrotron radiation, inverse Compton scattering, adiabatic loss, or free-free emission, and 
the confinement of the electrons within a galaxy will all characterize the spectrum.
A steep spectral index (a > 0.9) indicates that cosmic ray electrons are largely 
confined to their host galaxies and lose a lot of their energy before they escape from the 
galaxy halo, whereas a flatter spectral index (a  < 0.7) suggests the cosmic rays are free 
to leave the halo before they lose energy. The secondary energy losses occurring among 
the cosmic ray electrons particularly affect the synchrotron spectrum at higher frequencies. 
Propagation via diffusion involves scattering of the electrons by magnetic field irregulari­
ties, whereas convection is an outward systematic movement of the electrons. The extent 
to which the mechanism for propagation affects the spectral index is dependent on the con­
finement and energy losses. In the case of strong confinement with a substantial energy 
loss it makes little difference, but if considerable energy losses do not occur and the cosmic 
ray electrons may freely escape from the galaxy, then the means of their transmission plays 
a bigger role because unlike diffusion, convection is an energy independent process.
Whilst observations of the spectral indices of galaxies might reveal information 
about the degree of confinement as described above, no further firm conclusions regarding 
the nature of the propagation are able to be drawn, but a very flat spectral index is a sign of 
strong convection (Bennett et al., 2003b). Galactic halo observations can help to diagnose 
the importance of the energy losses, but these can be difficult to obtain because the haloes
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tend to be extended and faint. A steepening of the spectral index beyond about 3kpc above 
the disk can indicate the presence of dominant energy losses, whereas a steepening below 
this is more likely due to the contribution of radiation from supernova remnants.
If Figure 4.1 were to be extended down to lower frequencies, we would find there 
is a low frequency cut-off to the synchrotron emissions, and hence a peak at a particular 
frequency defined by the critical frequency of equation 5.2, dependent upon the magnetic 
field strength of the environment. The cut-off at low frequencies arises because of self­
absorption and free-free absorption. In propagating towards the observer some of the syn­
chrotron photons may scatter off the electrons which are emitting the radiation in the first 
place. Some of the photon energy is lost to the electrons, hence they are self-absorbing. 
The absorption cross-section is larger for low energy, longer wavelength photons, thus ex­
plaining the decrease in flux and ultimate cut-off at low frequencies.
Fortunately at frequencies above ~  70 GHz we expect the synchrotron emission to 
be significantly below the CMB emission and at QUaD’s frequencies the predicted power 
in our observing region a negligible 0.03 fiK (Pryke et al., 2009). Gold et al. (2009) found 
with the five year WMAP data that fixing the synchrotron spectral index had no influence 
on their cosmological conclusions because of the low levels involved.
5.1.2 E x t r a p o l a t i o n  t o  CMB F r e q u e n c i e s
Miville-Deschenes et al. (2008) reports on a synchrotron estimation made on the basis of 
an extrapolation of the Haslam 408 MHz data (Figure 5.1) with a spatially varying spectral 
index. They used the three year 23 GHz WMAP temperature and polarization data (Page 
et al., 2007; Hinshaw et al., 2007) along with models of the magnetic field in the galaxy 
obtaining a mean spectral index of q =  0.96. The Haslam map is extrapolated to any 
frequency, v  in GHz, via:
T- I'“ (o 3 5 r " « >
in accordance with equation 5.3. Various models for a  are considered but the one used 
by the Planck collaboration in their foreground prediction models is Model 3 of Miville- 
Deschenes et al. (2008). In this one the assumption is made that the 23 GHz WMAP 
intensity, / 23 (after subtraction of the CMB), is composed of synchrotron radiation, S23 , 
free-free emissions, F23, and some anomalous emissions which are well correlated with 
the dust column density, E (B  — V ), thus permitting a  to be calculated by:
-0 .2 4 8 l, g ( ‘* - F 2 3 - < . E t B - V ))
-M 0 8
(5.6)
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Figure 5.2: All-Sky Synchrotron Map 
The Planck Sky Model was used to create a prediction of the synchrotron foreground at 
100 GHz based upon an extrapolation of the Haslam map.
where a is taken to be 0.65 mK/mag and the factor 0.248 comes from 1 / log(23/0.408). 
This model therefore enables an all-sky map to be made of the synchrotron intensity at any 
frequency wherein the spectral index will vary spatially with the WMAP distribution. The 
free-free template used also comes from the WMAP estimations (Hinshaw et al., 2007).
The ‘Planck Sky Model’ is an IDL package developed for predicting the sky emis­
sion in the frequency range 10 — 1000 GHz based upon this method. I have used their 
software to make predictions of the sky’s synchrotron emissions at each of QUaD’s fre­
quencies. There is not a significant amount of difference between that at 100 and at 150 
GHz just as expected a slightly higher power at 100 GHz, shown in Figure 5.2.
5.1.3 P o l a r i z a t i o n
Synchrotron emission is characteristically polarized because the magnetic field di­
rection serves to organize the radiation into the plane of acceleration, as illustrated in Figure 
5.3.
As in the case of dust we can make the assumption of correlation between the total 
and polarized intensity and therefore simply take a constant fraction of the total synchrotron 
intensity.
The degree of linear polarization could be as high as 75%, but this will usually 
be reduced to < 2 0 % by the magnetic field orientations varying along any particular line 
of sight (Bennett et al., 2003b). In addition the polarization plane of the radiation may be
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Figure 5.3: Synchrotron Radiation 
When cosmic ray electrons are accelerated by a magnetic field they emit high energy pho­
tons linearly polarized in the plane of acceleration.
Image: Astronomy Online - http://astronomyonline.org
rotated along its transmission under the influence of parallel magnetic fields via the Faraday 
effect. This will also serve to lessen the polarized fraction. The actual polarization fraction, 
P(v), may therefore be given by:
=  (5.7)T \u)
f s being the intrinsic polarization fraction of 75% and g a geometrical reduction factor 
reflecting the extent to which magnetic field fluctuations about the line of sight result in 
depolarization, g takes a value between 0  and 1 and will depend upon the structure of the 
magnetic field and the distribution of the cosmic ray electrons.
Since free-free and anomalous emissions are assumed to be unpolarized, the 23 
GHz WMAP polarization data (Hinshaw et al., 2007) is therefore likely to be dominated 
by synchrotron polarization. It can thus be used to constain parameters of the magnetic 
field and a model of g across the sky is created. Miville-Deschenes et al. (2008) gives maps 
of the polarization fraction across the sky for their different models. Figure 5.4 shows the 
result from Model 3. In QUaD’s observing region the level of synchrotron polarization is 
~  10 -  15%.
5 .2  L o o k i n g  f o r  S y n c h r o t r o n  R a d i a t i o n  in  
Q U a D D ata
Analysis from the all-sky map of Figure 5.2 can then proceed in much the same way as 
for the dust foreground detailed in Section 4.3 in the previous chapter. Firstly the relevant
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Figure 5.4: Polarization Fraction 
Estimation of the polarization fraction across the sky based on the WMAP 3 year 23 GHz 
polarization data and models of the magnetic field (Miville-Deschenes et al., 2008).
section of the full sky map at each frequency is cut out to leave maps just over QUaD’s 
observing region and the ‘cookie cutter’ used to provide 37 QUaD sized regions around the 
sphere for quantifying errors.
Following the same methods as before these two trimmed maps were then put 
through QUaD’s map-making pipeline to yield template maps of the synchrotron radia­
tion as if observed with QUaD’s pointing, beams etc... which can be directly compared 
with those of the CMB.
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Figure 5.5: Synchrotron Map at 100 GHz 
The all-sky synchrotron map trimmed to QUaD’s observing region.
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Figure 5.6: Field Differenced CMB and synchrotron maps 
In the same way as the dust maps of Figure 4.4 these maps (right) came from the syn­
chrotron prediction being run through QUaD’s map-making pipeline and so can be directly 
compared with the CMB maps (left) at 100 GHz (top) and 150 GHz (bottom).
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The different scales on these maps indicate the difference in power between the 
two frequencies, as well as highlighting how much lower both are in comparison to the 
temperature anisotropies we see the in CMB maps.
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Figure 5.7: Synchrotron Scatter Plots 
Pixel by pixel correlations between the QUaD CMB maps and the synchrotron maps at 
100 GHz (top) and 150 GHz (bottom) with a least chi-square linear fit (blue) and a least 
absolute deviation fit (red) overplotted.
Next we make scatter plots equivalent to those in Section 4.3.1 where each pixel in 
the maps are individually plotted according to their CMB temperature and corresponding 
predicted synchrotron temperature. At each frequency two linear fits are carried out and
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the cosmic correlation coefficient calculated with errors provided by the standard deviation 
amongst the same fits performed on regions shifted about the synchrotron map. Results are 
tabulated in Table 5.1 below.
100 GHz 150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
589 ±  96 
509 ±  83 
0.230 ±0.138
1275 ±  207 
1084 ±  176 
0.197 ±0.129
Table 5.1: Linear fitting gradients and the correlation coefficients between QUaD’s tempera­
ture CMB maps and the synchrotron predicted in its observing region.
We can compare these results to those from the dust correlations in Section 4.3.2 
and consider them by themselves. All the correlations in this case are positive whereas 
those from the dust were negative. Because the levels of synchrotron are much lower the 
magnitudes of the gradients and their errors are greater but even so the errors are a much 
smaller fraction of them. The errors were generally larger than the corresponding statistic 
for the dust but here there is a possibility of some more correlation than chance might 
permit. To obtain some insight into how significant this is, the cross correlation power 
spectra can be computed and then considered on a per band power basis.
5.2.2 C r o s s  C o r r e l a t i o n s
The cross correlation plot of Figure 5.8 is the equivalent to that for the dust; a cross power 
spectrum between the QUaD CMB maps and the synchrotron maps. As before the error 
bars come from the scatter amongst a set of cross spectra produced from signal plus noise 
CMB simulation maps and the synchrotron map at 100 GHz.
We see from this that all points including error bars, with the exception of one 
band power, at t  ~  200, are enclosed within the distribution of simulations. So it must 
therefore be this one point pulling all the correlations to a value so much larger than the 
error. This band power itself has a large error associated with it, but by considering the 
band power deviations; each spectral point divided by its error bar, we can quantify its 
level of significance.
Although of greater significance than any of the band power deviations found in the 
dust investigation, this one point (along with two others to a lesser extent at higher t) are 
still enclosed within the 2<r line. This results suggests that we should not trust the QUaD 
CMB temperature band power at t  ~  200 as much as we might the rest. In fact looking
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Figure 5.8: Cross Power Spectrum 
The power spectrum obtained between QUaD’s CMB map and the synchrotron map. The 
results of the same cross spectrum performed with simulated CMB maps are shown in light 
blue with their average as the blue line.
at the TT power spectrum in Figures 3.5 and 3.6 we can see how the spectral point at this 
angular scale is not a good fit to the ACDM model plotted in red on the graph. Aside 
from this exception, for subsequent band powers, £ > 250, there is no evidence to suggest 
any significant contamination from synchrotron radiation in the temperature data. We can 
now turn to the polarized data and check for synchrotron foreground em issions in QUaD’s 
polarization maps.
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Figure 5.9: Synchrotron Band Power Deviations 
Each band power from the cross spectrum is divided by its error bar. The lines indicate the 
distribution of the simulations: green lines indicate the positions of 2 .3 % and 9 7 .7 %, the 
red lines 15.9% and 84.1% and the blue line 50%.
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5 .2 .3  P o l a r iz a t io n  C o r r e l a t io n s
We saw above that we can make the assumption of correlation between the total and polar­
ized intensity and take the polarized intensity to be ~  15% of the total synchrotron inten­
sity in our observing region. As with dust polarization in Section 4.3.4 we can therefore 
investigate synchrotron polarization correlations with the statistical tests being carried out 
between QUaD’s polarization maps and the synchrotron temperature map. Linear fits and 
cosmic correlation coefficients can be calculated for Q, U and total polarization intensity, 
P, at 100 GHz and 150 GHz. These are presented in Table 5.2.
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Figure 5.10: Polarization Correlation 
An example scatter plot between QUaD’s 100 GHz Q CMB map and the synchrotron map 
with a least chi-square linear fit (blue) and a least absolute deviation fit (red) overplotted.
Figure 5.10 demonstrates that despite the quantitative numbers of the linear fits in 
Table 5.2 suggesting otherwise, there is actually very little correlation present. As with the 
temperature scatter plots above, the gradients themselves are perhaps so large in magnitude 
because the synchtrotron levels are so low, even against the polarization data which is 
~  10% that of the CMB temperature. Within 2cr errors the cosmic correlation coefficients 
are insignificant and considering the range of possible values with magnitudes 0  to 1 , where 
1 is a perfect correlation, such low values as these indicate only a very slight hint of a 
correlation.
A conclusion can be made therefore that, excluding the band power at i  =  200,
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100 GHz
Q
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
11.79 ±1.91 
6.93 ±1.12 
0.0073 ±  0.0065
34.86 ±  5.66 
36.46 ±  5.91 
0.0155 ±  0.0083
100 GHz
U
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
-28.41 ±  4.61 
-34.79 ±5.64 
-0.0120 ±  0.0089
-3.52 ±0.57 
-0.979 ±0.157 
-0.0021 ±  0.0053
100 GHz
P
150 GHz
Least chi-square linear fit 
Least absolute deviation fit 
Cosmic correlation coefficient
-79.84 ±  12.95 
-288.0 ±  37.0 
-0.039 ±  0.021
-141.4 ±22.9 
-404.8 ±65.7 
-0.045 ±  0.031
Table 5.2: Results from the linear fits and correlation coefficient calculations between QUaD’s 
CMB polarization maps and the synchrotron map.
there is no significant contamination from synchrotron emissions in the QUaD’s temper­
ature and polarization CMB data. Although there are a few hints of slightly more corre­
lations amongst large scale structures in the maps these are by far not significant enough, 
with such a low level of synchrotron power in the field, to present any problems or lead to 
any doubt that a synchrotron foreground might be affecting our results above i  ~  250.
The conclusions from the template cross correlations presented in this and the pre­
vious chapter were reported in Section 8  of Pryke et al. (2009). The paper states that 
although a non-zero correlation might arise as a result of chance, our investigations have 
highlighted no significant evidence of contamination from dust and also that the predicted 
level of synchrotron power in our field is negligible.

6 Fa r  In f r a r e d  B a c k g r o u n d
“D o e s  e v e r y t h i n g  i n  l if e  h a v e  t o  h a v e  a  p e r f e c t l y  r e a s o n a b l e  
e x p l a n a t i o n ; a l l  g r o u n d e d  i n  c l e a r  s c i e n t i f i c  r e a s o n ; n o  m a g ic
LEFT IN THE UNIVERSE?”
C l a r k  K e n t  - Lois a n d  C l a r k
6. 1 G a l a x y  C l u s t e r i n g
Chapter 1 explored the theory of gravitational instability causing the growth of density 
perturbations in an expanding universe and how this leads to the large scale structures we 
observe today. One component of the theory is the idea that galaxies are the result of 
baryonic matter accreting into dark matter potential wells, known as halos. Surveys reveal 
the presence of galaxies throughout the cosmos from around z ~  2 — 3, yet despite a wealth 
of observations, the processes governing galaxy formation and therefore their distribution 
are poorly understood. If they followed the patterns set by the dark matter potential wells 
then all galaxies would show a similar spatial arrangement. Be that as it may, it appears 
in fact that the various types of galaxies cluster in different ways suggesting that in fact 
they are not perfect tracers of the underlying dark matter. More luminous galaxies show 
more correlation than fainter ones for example, whilst older ones are more correlated than 
their younger counterparts (Dressier, 1980). The properties of infrared galaxies make them 
sensitive to the role of galaxy formation and subsequent evolution, and as such they are 
ideal candidates to study in the context of clustering.
6.1.1 I n f r a r e d  G a l a x i e s
Infrared galaxies are characterized by their high dust content and star formation rates. It is 
their dustiness which makes them more efficient at star formation as it cools the collapsing
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Figure 6.1: Cosmic Backgrounds 
Spectral energy distributions with frequency of the cosmic optical, far infrared and cosmic 
microwave backgrounds (Dole et al., 2006).
protostars. The dust absorbs the ultra-violet (UV) and optical photons emitted by stars, 
active galactic nuclei (AGN) and starbursts within the galaxy, re-emitting them as infrared 
(IR) radiation, shifting the spectrum to longer wavelengths. The far infrared region of the 
electromagnetic spectrum covers the wavelength range 25 /xm to 350 /xm, hence emitting in 
this region, and up to millimeter wavelengths, with a peak at 170 /im, the emissions from 
these galaxies make up what is called the Far Infrared Background (FIRB).
Such a background radiation that would trace the initial stages of galaxy formation 
was predicted over 40 years ago in Partridge & Peebles (1967) and subsequently models of 
the FIRB (e.g. Desert & Puget, 1990) have been developed following the first observations 
of infrared galaxies. The Infrared Astronomical Satellite (IRAS), in particular, provided a 
lot of new information regarding IR galaxies via an all sky survey at wavelengths 12, 25,60 
and 100 /xm (Soifer & Neugebauer, 1985). For the first time a calculation of the luminosity 
function of IR galaxies was possible at 2  < 0.25.
For a long time the FIRB remained hidden amongst strong foregrounds and only 
permitted upper limits to be determined. In 1996, however, the first tentative detections 
were made. As reported in Puget et al. (1996) the Far InfraRed Absolute Spectrometer 
(FTRAS), a Michelson interferometer on COBE, completed a whole sky survey over wave­
lengths 105 /xm to 5 mm. Interplanetary and interstellar dust components, along with the 
CMB were measured and removed leaving a clear excess at submillimeter wavelengths that 
could not be explained as either dust or galactic components. Figure 6.2  shows the diffuse 
glow of the FIRB after foregrounds have been subtracted from the entire far infrared sky.
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Figure 6.2: The Far Infrared Sky Before and After Subtraction of Foregrounds 
The top image shows the entire sky in the far infrared with contributions from our Solar 
System, the Milky Way and the universe. After the dusty foreground contributions are 
removed a diffuse background glow remains.
(Images: NASA - http://antwrp.gsfc.nasa.gov/apod/)
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After its initial detection with FTRAS, another instrument aboard COBE, the Diffuse 
InfraRed Background Experiment (DIRBE) provided confirmation and measurements at 
several wavelengths (Hauser, 1998). Since then contributions from many other surveys 
have added to our knowledge about the IR universe.
6.1.2 C l u s t e r i n g  o f  I n f r a r e d  G a l a x i e s
The clustering strength of a given galaxy population depends on the typical mass of the 
extended halos hosting the population. A more massive halo supports a more clustered 
population. Infrared galaxies, especially the more luminous ones, are frequently associ­
ated with mergers and interactions and are preferentially found in overdense environments. 
Their clustering strengths are therefore greater than those of other populations.
6 . 2  B i a s
The extent of correlation between the infrared galaxy distribution and the large scale dark 
matter density field may be quantified by a bias parameter, b. When it was realized in the 
mid-80’s that galaxy clusters themselves show clustering properties, Kaiser (1984) intro­
duced the concept of bias. His paper focussed on the Abell clusters (groups of a least 50 
galaxies within 1.5 Mpc), explaining how such structures might form in regions where the 
primordial density enhancement was unusually large. The idea is that the baryonic oscil­
lations causing the CMB were superposed on underlying larger scale, smaller amplitude 
density fluctuations. Such fluctuations would have been created by the total matter content 
of the universe, of which a large component is dark matter. Galaxies would form where 
the overdensity was beyond a critical threshold, with clusters then forming in the regions 
of extra-enhanced density.
The bias parameter is defined as the ratio in overdensities, S = A p/p, between the 
galaxies and total mass:
where p denotes the mean level and the densities are per comoving unit volume.
This is a somewhat simplistic definition of the parameter suggesting a trivial corre­
lation between the spatial distributions of dark matter and galaxies. It is likely to be more 
complex than this; perhaps depending upon spatial frequency, k , redshift, z, radiation fre­
quency, z/, galactic masses and so on. On small scales there will be pairs of galaxies within 
a single dark matter halo, whilst on large scales the halos themselves will cluster, hence re­
sulting in a dependency upon spatial frequency, with some transition region between these
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two extremes. The different spectral energy distribution of different galaxies will mean that 
at different frequencies the galaxies will exhibit different clustering properties accordingly, 
while the redshift dependency arises from independent evolutions of the dark matter and 
the infrared galaxies. An alternative definition of the bias incorporating these effects is:
$ P g a i { k , v , z )  5 p m ( k ,  z)
( 6 - 2 )
Sp being the fluctuation in density from the mean p.
A value of b =  1 implies an unbiased universe in which matter exactly follows the 
pattern of light on large-scales, whereas higher values mean a biased universe with total 
mass more widely dispersed than the light, following the underlying dark matter density 
distribution.
Both simulations and observations have been used to verify the ideas of bias and 
to gain more of an understanding about its dependency on various factors. Weinberg et al. 
(2004) ran hydrodynamic simulations of galaxies and dark matter to determine that the bias 
should increase with z. Observationally the bias has been measured more at optical and 
radio wavelengths where there more are sources seen than in the far-IR and submillimeter. 
Evidence has been found in both spectral bands that bias increases with redshift (Marinoni 
et al., 2006; Brand et al., 2003), but it does not necessarily follow that the same applies in 
the infrared. In 2007 Spitzer data was used to provide a constraint on the bias at the far 
infrared wavelength 160 pm  by measuring fluctuations in the FIRB (Lagache et al., 2007).
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The discrete nature of far infrared sources and the correlations between these sources, mean 
we expect the FIRB to be anisotropic on both small and large scales respectively.
6.3.1 P o w e r  S p e c t r u m
Knox et al. (2001) presents the angular power spectrum of the FIRB anisotropies at fre­
quency v as:
c t =  f  J  z ) p u{k)\k=t/r G \ z )  (6.3)
There are lots of terms in this equation to consider, %a2(z) is geometrical and inde­
pendent of both radiation frequency and spatial frequency, k. r is the co-ordinate distance 
from our position and a the scale factor. Each one is a decreasing function with respect 
to redshift, z. G2(z) is the linear theory growth function (Peebles, 1980), which describes
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the effect on the power spectrum due to our living in an expanding universe. Expansion 
causes the matter density to decrease hence slowing down the accretion o f matter, but it is 
not straight-forward and requires a suppression factor, g, dependent on both the matter and 
dark energy densities, and ftA, both now and as functions o f redshift:
G \z )  =  — ^  (6-4)
(1 Z) 9 \^m0> ^Ao)
Combining the geometrical terms we obtain the function shown in Figure 6.3 wherein r-2  
is the most dominating effect causing the very steep decrease with redshift at low 2.
Figure 6.3: Contribution to the FIRB Power Spectrum from Geometrical Effects 
The first term o f equation 6.3 is the combination o f various geometrical functions o f red­
shift, which combined with the linear growth factor characterizing the universe’s expansion, 
results in the function shown here.
 2
The next term in equation 6.3, j  (1/, 2), is the mean IR galaxy em issivity per co- 
moving unit o f volume, W/Mpc^/Hz/sr.  This is the integral over the number o f sources 
at each luminosity multiplied by the appropriately redshifted luminosity. This is largely 
dependent on the Spectral Energy Distribution (SED) o f the IR galaxies. The SED of a 
galaxy summarizes many o f its physical properties into a single function with contribu­
tions com ing from many different regions within a galaxy each with different temperatures 
and densities. Section 4.2.1 discussed the various types o f dust present in the interstellar 
medium. Since IR galaxies are largely com posed o f dust, their SED is made up o f contri­
butions from these different dust particles; large grains, very small grains and polycyclic  
aromatic hydrocarbons. In addition there is a contribution from stellar em issions. The 
assumption is made that the SED is only dependent on the bolometric luminosity, that is 
the total energy across all wavelengths, and the resulting em issivity functions at various
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frequencies are shown in Figure 6.4.
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Figure 6.4: The Mean Infrared Galaxy Emissivity 
Em issivities per comoving volume as a function o f redshift at various frequencies with 
Q UaD’s 100 GHz in light blue and 150 GHz in purple.
P\f(k)\k=i/r is the power spectrum o f the dark matter density fluctuations. There 
are various phenomena affecting the amplitude o f the power spectrum on different spatial 
scales. A transfer function, T(fc, t), (Peebles, 1980; Bardeen et al., 1986) describes how 
self-gravity, pressure and damping from diffusion and free-streaming dark matter particles 
have a combined effect as a function o f spatial frequency, k and time, t . For small k there is 
very little effect but on large scales the growth o f structures is damped. Defined at k = t / r , 
the present, 2 =  0, dark matter power spectrum is:
Whilst this transfer function determines the shape and evolution of the power spectrum, it 
does not set its normalization since the origin o f the density fluctuations are not explained. 
The normalization typically chosen is the cosm ological parameter <r8. <r8 is defined by an 
integral o f the power spectrum with a window function corresponding to a radius o f 8 Mpc:
where R is set to Sh 1 Mpc, and Wk is the Fourier transform of the window. A top-hat filter 
function is typically used for the window function defined as:
PM(k) ex kT2(k) (6.5)
i r°°
^ ( R )  =  t ^  / k2W  0 
(2?r) J0 (6.6)
1 if  r < R  
0 otherwise.
sin(kR) cos(kR)
(6.7)
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Hence the density fluctuations are effectively smoothed on these scales. In this chapter cr8 
is set to 0.8, the value typically used in astronomy derived from large scale structure and 
cosm ology results (e.g. Seljak et al., 2006; Dunkley et al., 2009).
The most important term in equation 6.3 in the context o f my work is b?(k, i/, z), 
from which we learn that the FIRB anisotropy power spectrum scales according to the 
square o f the bias:
Ct cxb2(k ,vz)  (6.8)
The angular power spectra at Q UaD’s frequencies may be calculated incorporating all these 
components and dependencies for a constant bias 6 = 1 ,  easily scalable to alternative biases 
given equation 6.8.
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Figure 6.5: The Far Infrared Background Spectrum 
Power spectra for the FIRB assuming 6 =  1 at Q U aD ’s frequencies; 100 GHz in blue, 150 
GHz in red and the cross frequency spectrum in black.
6.3.2 O b s e r v a t i o n s
Aboard the Infrared Space Observatory (ISO) launched in 1995, the PHOTo-polarimeter 
(ISOPHOT) made the first detections o f the FIRB fluctuations at 170 //m . This was a 
detection o f the fluctuations due to discrete unresolved extra-galactic sources (Lagache &
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Puget, 2000). The first detection of the larger scale correlated anisotropies was sometime 
later by the Multiband Imaging Photometer for Spitzer (MIPS), an instrument on the Spitzer 
Space Telescope launched in 2003. As Lagache et al. (2007) reported, the observations 
made were part of the Spitzer Wide-area InfraRed Extragalactic (SWIRE) survey and made 
at 160 fim.
6.3.3 B ia s  M e a s u r e m e n t s
From the Spitzer observations of the correlated FIRB anisotropy described above, a con­
straint on the bias was derived as b = 1.74 ±  0.16 at a redshift of z ~  1. Optical observa­
tions of the Lyman-Break galaxies at 2  ~  3 determined the higher values of 6 ~  2 — 6 (e.g. 
Steidel et al., 1998). The Infrared Astronomy Satellite (IRAS) measured a lower bias at 
redshift 2: < 0.05 (Saunders et al., 1992), which is expected based on the low levels of star- 
burst activity in local universe dark matter halos, and consistent with the findings at optical 
and radio wavelengths that bias increases with redshift. In addition the Sloan Digital Sky 
Survey (SDSS) reported a low value (6 ~  1.1) at a redshift z ~  0.1 (Tegmark et al., 2006), 
confirming that in the local universe IR galaxies are not biased tracers of the mass. As time 
progresses therefore, from a redshift of ~  1 to the present, it seems the galaxies become 
less biased tracers of the mass density field. Environmental effects such as gas stripping 
and merging events may be triggering star formation and clustering in places which other­
wise would not be showing clustering given the underlying dark matter distribution in the 
vicinity.
Although for obvious reasons, since it is a CMB experiment, QUaD observes the CMB 
power swamping over any expected FIRB at its frequencies, it may nevertheless still be 
possible to probe its presence with a method that effectively eliminates the CMB.
6.4 QUaD ’s F r e q u e n c y  J a c k k n i f e
Section 3.1.6 described how various systematic contamination checks are carried out by 
means of jackknife tests. In each of these tests the timestream is in some way split in 
half and differenced such that in the ideal case the identical sky signals would subtract 
out leaving zero. Since QUaD observes at both 100 and 150 GHz, a fifth jackknife test 
permitted is a frequency jackknife. This is somewhat different in the sense that the true 
sky brightness may actually differ between them and any cancellation failure encountered 
may indicate an astrophysical foreground rather than an instrumental systematic. In fact 
if all instrumental effects have been correctly simulated then any residual in the difference
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map should be due to such a real foreground signal. As with the other jackknife power 
spectra this one is also formed by taking the difference of the two maps; the 100 GHz and 
the 150 GHz maps in this case, dividing by two, and taking the resulting map through to 
power spectrum estimation. Error bars are obtained from the scatter among an ensemble of 
frequency jackknived signal plus noise simulations.
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Figure 6.6: Frequency Jackknife Power Spectrum 
QUaD’s multi-frequency observations permit a frequency jackknife test. The resulting TT 
power spectrum (top) is insignificant when considered on signal spectrum scales (bottom), 
yet may contain some real astrophysical foreground signal.
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X 2 values for the test can be calculated versus the null model:
x2 =  bC -1b* (6.9)
from the band powers, b, and the covariance matrix, C, estimated from the ensemble of 
signal plus noise simulations detailed in Section 3.2.4. Throughout QUaD’s data analysis, 
in the first season data of Ade et al. (2008), the second and third season data both with field 
differencing (Pryke et al., 2009) and ground template subtraction techniques (Brown et al., 
2009), there has consistently been a failure in the x2 result for the TT frequency jackknife 
spectrum.
Dividing each band power in the jackknife spectrum by its corresponding error bar 
we can investigate the contribution of each to the x2- These band power deviations, as 
shown in Figure 6.7 reveal that for the TT frequency jackknife the source of the failure 
lies on angular scales below i  ~  1000. Beyond this the differing beam sizes for the two 
frequency bands lead to large error bars, as the top plot of Figure 6.6 illustrates.
2000
Figure 6.7: Frequency Jackknife Band Power Deviations 
The blue points marking the TT frequency jackknife band power deviations from the Brown 
et al. (2009) results show that the failure is due to bins t  < 1000. The grey lines represent 
the 600 simulations and the yellow, green and red lines mark the 2.3%, 15.9%, 50%, 84.1% 
and 97.7% positions of the simulation distribution.
Although in light of the fractional cancellation with the CMB spectrum the failure 
could be deemed irrelevant (see Figure 6.6), it may nevertheless be due to some astrophys- 
ical phenomena in the foreground of QUaD’s observing region. The far infrared back­
ground, focussed on in this Chapter, is one such phenomenon. Also or alternatively we 
may be detecting the Sunyaev-Zel’dovich effect and/or residual radio sources. Of course 
the possibility remains that the failure is due to an as yet overlooked systematic or chance.
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6 .5  L o o k i n g  f o r  t h e  F I R B  i n  Q U a D ’s F r e q u e n c y  
Ja c k k n i f e
6 . 5 . 1  F IR B  F r e q u e n c y  D i f f e r e n c e
As described in the previous section, the QUaD frequency jackknife spectrum is formed 
by taking the difference of the 100 and 150 GHz maps, dividing by 2 and putting this 
map through the power spectrum estimation pipeline. Although this frequency difference 
spectrum therefore originates in map space we can compute an equivalent spectrum for the 
FIRB directly from its auto (Cj00, C}50) and cross frequency ( C f oss) spectra, incorporating 
the band power window functions of Section 3.2.6 so as to match QUaD’s binning strategy:
in which u u  are the band power window functions.
The mean among the 600 frequency jackknife simulations is non-zero because of 
the differing beam-sizes between 100 and 150 GHz at high-^ and also tile edge effects at 
low-£ because each detector sees a slightly offset patch of sky. To compensate for this we 
can simply subtract the mean of the simulations off the data and also from each simulation 
before construction of the covariance matrix.
6 . 5 . 2  L in e a r  F i t s
By performing a linear fit of the FIRB frequency difference spectrum, / ,  which scales as 
b2, to the QUaD frequency jackknife spectrum, q, a constraint can be placed upon the bias 
accordingly. The linear fit can be done using a least squares method with inverse variance 
weighting. The idea behind this method is to find the gradient, m, which minimizes the 
chi-square statistic. The chi-square is calculated via:
and its minimum is then found by setting to zero the derivative with respect to m. This 
gives:
The FIRB model spectra was made assuming b = 1 so given its scale factor of the square of 
the bias, the square root of gradient obtained is the bias value suggested by QUaD’s data.
(6 .10)
(6.11)
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Figure 6.8: FIRB Frequency Difference Spectrum 
The frequency difference power spectrum for the FIRB calculated with equation 6.10 (black 
line) with QUaD’s frequency jackknife data after subtraction of the simulation mean (blue 
points).
An error on b can be determined by performing the same linear fit on each simulation and 
taking the standard deviation.
6.5.3 G r a n g e
Figure 6.8 shows QUaD’s frequency jackknife band powers up to £ = 2000. As previously 
stated, (Section 4.3.3), the first two bins are not used in QUaD’s analysis so are excluded 
leaving 22 bins. At high £ (> 1800) the error bars become quite large. Although this is 
incorporated into the analysis through the inverse variance weighting we might find that 
constraining the fit to a particular Grange is of benefit. Figure 6.7 showed us that the 
jackknife failure is down to band powers less than ~  1000 so we can investigate this range 
in comparison to other limits. I have repeated the linear fits and determined bias values for 
£ < 2000,£ < 1500, £ < 1300 and £ < 1000.
6.5.4 B ia s  R e s u l t s
Table 6.1 summarizes the results across the various ^-ranges considered, then Figure 6.9 
shows the best fit line for £ < 1000.
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Maximum i b la  error
1000 4.21 0.37
1300 3.58 0.37
1500 3.28 0.40
2000 3.14 0.41
Table 6.1: Values of bias, 6, suggested by the best fitting of the FIRB model frequency differ­
ence spectra to the QUaD frequency jackknife spectra and the io errors on these.
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Figure 6.9: Linear Fit to the FIRB Model 
The thick purple line is the best fit through the black points of QUaD’s frequency jackknife 
against the theoretical FIRB frequency difference spectra at t  < 1000.
The decrease in the value of b obtained as the Urange increases is due to the more 
negative values at higher i  in the frequency jackknife, which although downweighted sig­
nificantly by their larger error bars, nonetheless have an impact upon the linear fit. Figure 
6.10 shows the scaled FIRB spectra for the different bias values.
Regardless of the of the angular scale considered, the value for bias is always greater 
than 3. This implies a biased universe in which the galaxies are a biased tracer of the mass 
in the universe, thus it is more widely distributed than the light suggests. The FIRB seen 
in QUaD data would be across all redshifts, so the findings of Brand et al. (2003) and
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Figure 6.10: Scaled FIRB Spectra 
QUaD’s frequency jackknife spectra (black points) with the FIRB frequency difference 
spectra scaled according to b2 for the different ^-ranges: purple < 1000, blue 1300, green 
< 1500, orange < 2000.
Marinoni et al. (2006) that bias increases with redshift might indicate that the infrared 
sources dominating the signal detected are from reasonably high redshift (z > 3). The high 
values also support Elbaz et al. (2007) that the star formation rates of galaxies are higher in 
the denser environments of clusters. They are consistent with the bias results from Lyman- 
Break galaxies as discussed in Section 6.3.3, but higher than the value Lagache et al. (2007) 
found via Spitzer’s FIRB detections at z = 1.
6 .6  I n f r a r e d  G a l a x y  S i m u l a t i o n s
Rather than merely taking the FIRB power spectrum to be that given by equation 6.3, 
simulations can be run of infrared galaxies from which power spectra may be obtained. 
Femandez-Conde et al. (2008) describes how the far infrared and submillimeter back­
ground can be simulated at CMB frequencies making use of the model in Lagache et al. 
(2004). This is a model of luminosity function evolution with redshift simplified to a mini­
mal number of parameters whilst fitting all experimental data. A galaxy emissivity spatial 
distribution proportional to the dark matter density fluctuation distribution is then added to 
this model at a level defined by the bias parameter.
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The same equation is used for the power spectrum, with maps created under two 
assumptions; that regardless of their luminosities the spatial distribution of all the galaxies 
is the same and that IR galaxies have the same spatial distribution as normal galaxies. 
Redshift slices of dz = 0.1 are constructed and then superposed from 2  = 0 — 6. Each 
of these consists of fluctuations predicted by the spatial distribution model for a given 
bias, added to the mean brightness level estimated for that particular redshift. The maps 
are converted into flux maps and at each luminosity the number counts are redistributed 
in smaller redshift slices. This is such that the sources have the same underlying spatial 
distribution but not the same positions in each slice. Coadded maps were made by the team 
of Femandez-Conde et al. (2008) according to this recipe at wavelengths needed for the 
Planck and Herschel missions.
They have kindly also produced maps at QUaD’s wavelength and resolution, of a 
size suitable to be put through QUaD’s pipeline in the same way as the dust and synchrotron 
templates were in Chapters 4 and 5 respectively. Before they can be used though, the maps 
need to be converted into CMB temperature units, convolved with QUaD’s beams and 
repixelized into Healpix maps.
Figure 6.11: Infrared Galaxy Simulations 
100 GHz (left) and 150 GHz (right) simulations of the infrared and submillimeter back­
grounds with a pixel size of 72 arcsec.
6 . 6 . 1  U n i t  C o n v e r s i o n
The maps in Figure 6.11 are in units of MJy/sr. The pixel size of the map is 72”, which 
translates to 0.02° and 1.22 x 10-7 steradians. The conversion factor from brightness units, 
d l , into CMB temperature units, dT, is obtained by differentiating Planck’s blackbody 
equation with respect to temperature:
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, r 2/ii/3 hvlkTehvlkT dT _
c2 ( )
in which v is the frequency of observations, T  the mean CMB temperature in Kelvin and 
k is the Boltzmann constant. The upshot of all this is that the 100 GHz maps need to be 
divided by 2.91 x 104 and the 150 GHz ones by 4.86 x 104 to put them into units of Kelvin 
suitable for QUaD’s pipeline.
6 .6 .2  B eam  C o n v o l u t io n
QUaD’s beams have FWHM of 5.0 (100 GHz) and 3.5 (150 GHz) arcmin as stated in 
Section 2.1.2. The beam function, B (x , y), is given by:
B(*’y) = 2 i exp( 4
(z -  zq) +  -
G* Gi
where x0 and y0 is the centre of the map and a is given by:
(6.14)
F W H M
G  = ,  (6.15)
V s ^ 2
A convolution is a particular type of integral transform serving to effectively blend one 
function with another; in this case smooth the IR galaxy maps with the QUaD beams. It 
is most simply accomplished by taking the Fourier transform of each function, multiplying 
them together in Fourier space and then transforming back to a map. Figure 6.12 shows the 
results of convolving the maps in Figure 6.11 with our beams and converting their units.
Figure 6.12: Convolved Infrared Galaxy Simulations 
100 GHz (left) and 150 GHz (right) simulations of the infrared and submillimeter back­
grounds after unit conversion and beam convolution.
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6.6.3 R e p ix e l iz  ATION
After the unit conversion and beam convolution the map remains a flat square map of 
650 x 650 pixels. This needs to be translated into a Healpix map of nside 8192 before it 
can be inserted into QUaD’s simulation pipeline. This can be achieved by determining the 
RA and Dec of each Healpix pixel on a input CMB map as used in the signal simulations, 
fixing the bottom left-hand comer of the IR galaxy flat map to be a specific RA and Dec 
then knowing its pixel size fill each Healpix pixel with corresponding data. Maps such as 
those in Figure 6.13 are yielded, in which the area covered by the simulation sufficiently 
encloses QUaD’s observing region.
Figure 6.13: Repixelized Convolved IR galaxy Simulations 
100 GHz (left) and 150 GHz (right) simulations of the infrared and submillimeter back­
grounds after unit conversion, beam convolution and repixelization. These maps are now 
ready to go through the simulation code.
6.6.4 M a p s  a n d  P o w e r  S p e c t r a
The maps are now akin to those of Figures 4.3 and 5.5 and can be run through the sim­
ulation analysis. This Chapter is however employing the non field differenced ground 
template subtraction technique rather than the field differencing method which Chapters 
4 and 5 used, so the maps produced now have double the effective sky area. From a suite 
of simulated maps like Figure 6.14, mean 100 GHz, 150 GHz and cross frequency FIRB 
power spectra can obtained following the method described in Section 3.2. The shape of 
the power spectra (Figure 6.15) look a little different to those of Figure 6.5 because now 
they are directly incorporating the beam and filtering effects of QUaD, and then correcting 
for them via the transfer function, Ft, of equation 3.15, rather than relying on them being 
compensated for later on via the band power window functions.
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Figure 6.14: QUaD Simulated IR Galaxy Maps 
The IR galaxy maps of Figure 6.13 are run through QUaD’s simulation pipeline at 100 GHz 
(left) and 150 GHz (right).
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Figure 6.15: FIRB Power Spectrum from Simulations 
Power spectra for the FIRB derived from the mean of ~  100 IR galaxy simulations at 
QUaD’s frequencies; 100 GHz in blue, 150 GHz in red and the cross frequency spectrum 
in black.
6.6.5 B ia s  R e s u l t s  w it h  S im u l a t e d  S p e c t r a
The linear fitting analysis of Section 6.5 can be repeated using the simulated spectra of 
Figure 6.15 in place of the model ones used previously. Table 6.2 presents the results of the 
fitting, again for various constraints on the Grange considered and Figure 6.16 shows the 
simulated spectra scaled accordingly with the frequency jackknife spectra.
We see a similar trend and similar values for b, although slighter wider spread. Any 
conclusions which can be drawn about the universe based on these results are therefore
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Maximum t b 1<j  error
1000 4.53 0.38
1300 3.26 0.39
1500 2.61 0.46
2000 2.22 0.50
Table 6.2: Values of bias, b, suggested by the best fitting of the FIRB spectra derived from IR 
galaxy simulations to the QUaD frequency jackknife spectra for various ^-ranges, with their 
la  errors.
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Figure 6.16: Scaled Simulated FIRB Spectra 
QUaD’s frequency jackknife spectra (black points) with the simulated FIRB frequency 
difference spectra scaled according to b2 for the different ^-ranges: purple < 1000, blue 
1300, green < 1500, orange < 2000.
the same as in the previous section; that, with the assumption the FIRB is the cause of the 
jackknife failure, the galaxies are a strongly biased tracer of the underlying dark matter 
mass distribution. Even after adding the 1<j error to b when considering only i  < 1000 it 
remains less than 6 = 6, making these results still consistent within the highest values for b 
determined by other experiments.
Chapter 7 will turn to one of the alternative phenomena mentioned above which may also 
play a role in the frequency jackknife signal observed - the Sunyaev-Zel’dovich effect.
7 S u n y a e v -Z e l ’d o v i c h  E f f e c t
“D u c t  t a p e  is  l ik e  t h e  f o r c e . It  h a s  a  l i g h t  s i d e , a n d  a  d a r k  s i d e ,
AND IT HOLDS THE UNIVERSE TOGETHER.”
C a r l  Z w a n z i g
7 .1  T h e  T h e r m a l  S u n y a e v -Z e l ’d o v i c h  E f f e c t
Amongst the galaxies in a cluster there is a lot of gas containing extremely energetic elec­
trons. Supernova and active galactic nuclei (AGN) also release lots of highly energetic 
relativistic electrons. Photons from the CMB encounter these electrons in their transmis­
sion from the surface of last scattering to QUaD and some are inverse Compton scattered. 
During this scattering process they gain energy from the electrons and are hence blueshifted 
to higher frequenices, as illustrated in Figure 7.1, according to:
AA = A0 - A =  —  ( l - c o s 0 )  (7.1)me
in which A0 is the initial wavelength and 6 the change in angle of the photon’s trajectory.
In the direction of such clusters, since the scattering process conserves photon num­
ber, these blueshifted photons lead to a CMB spectrum distorted from that which cosmol­
ogy would predict. This distortion is referred to as the thermal Sunyaev-Zel’dovich (SZ) 
effect (Zeldovich & Sunyaev, 1969) after the two scientists who first predicted it.
7.1.1 F r e q u e n c y  D e p e n d e n c e
No photons are created or destroyed in the scattering process, they are merely moved within 
the CMB blackbody spectrum. Photons are shifted from a lower energetic region to a more 
energetic region, thus at low frequencies there is a negative temperature shift whilst at 
higher frequencies there is a positive shift. This gives rise to a specific shape in the CMB
117
118 Chapter 7. Sunyaev-Zel’dovich Effect
mecrowave backgroundPHOTON
■r.
S l u e  s h i f t e d  
m ic r o w a v e  p h o t o n
Figure 7.1: Inverse Compton Scattering 
CMB photons are blueshited upon scattering off energetic electrons in the hot gas of the 
intracluster medium.
(Images: SZA - http://astro.uchicago.edu/sza)
intensity deviation as a function of frequency, with a cross-over point at which there is no 
distortion at ~  218 GHz. This unique frequency dependent spectral signature, shown in 
Figure 7.2 provides a search technique for galactic clusters. It can be used to measure the 
properties of the gas in the clusters along with the motion of the cluster itself, providing 
an insight into the evolution of structure in the universe. In the context of CMB physics, 
however, it can be considered a nuisance; not so much a foreground but rather a secondary 
source of temperature fluctuation.
7.1.2 T e m p e r a t u r e  D is t o r t io n  o f  t h e  CMB
The distortion caused by the SZ effect depends on the average fractional frequency 
change of the photons, and the optical depth to the scattering event. The largest brightness 
change that might be expected is only of order 1 mK. Quantitatively the magnitude is pro­
portional to a Comptonization parameter, y, which is proportional to the electron number 
density, ne, and the temperature of the electrons, Te, integrated along the line-of-sight, dl:
y =  — ^  /  dlnekBTe m ec2 J (7.2)
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Figure 7.2: Frequency Dependence of the SZ Effect 
At low frequencies there is a negative shift in the temperature of the CMB spectrum, as 
photons that would otherwise be observed at these frequencies have been scattered to higher 
energies. After a cross-over at approximately 218 GHz a positive temperature shift is seen. 
The dotted black line is the CMB intensity spectrum scaled by 5 x 10-4 (Carlstrom et al., 
2002).
aT is the Thomson cross section:
_  87t /  e2 \ 2 
aT 3 \47re0mec2/
and me the electron mass. The frequency dependent function:
(7.3)
= xbr 4 (7-4)ex — 1
in which x is the dimensionless frequency x = h v / k B T C M B  is then used with the Comp- 
tonization parameter to give the temperature shift:
ATcmb £( \ =  f(x )y  (7.5)
C M B
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7 .1 .3  K in e t ic  S u n y a e v  Z e l ’d o v ic h  E f f e c t
The thermal SZ effect has the important property of being redshift independent (Carlstrom 
et al., 2002). Galactic clusters at any redshift may leave a signature on the CMB spectrum, 
but the assumption is made in the above formulae that the cluster is stationary with respect 
to the CMB. Within a single cluster the electrons will be moving in random directions 
giving an overall isotropic distribution and no net effect, but the bulk velocity of an entire 
cluster in its line-of-sight will cause an additional scattering via the Doppler effect. We 
call this the kinetic SZ effect and its manifestation on the CMB spectrum is simply a shift 
in temperature with no shape change; lower temperatures for a positive peculiar motion of 
the cluster. As Figure 7.2 showed, the kinetic SZ effect is at least an order of magnitude 
smaller in power than that of the thermal SZ effect and so will be neglected.
7 . 2  T h e r m a l  S Z  E f f e c t  P o w e r  S p e c t r u m
7 .2 .1  A n a l y t i c  P r e d i c t i o n
The particular formalism typically used for the power spectrum of the SZ effect is that 
following the halo approach as detailed in Komatsu & Seljak (2002). Halo-halo correlations 
are ignored because above I  ~  300 the one-halo Poisson term dominates. The expression 
given for the angular power spectrum is:
2 r m“X d V  f 1"™ *  , , r  \ ,2
C> = 9\ L  dZlT z jMmin (7 .6)
Just as with the analytic FIRB power spectrum of equation 6.3, this equation contains 
many terms. gv is the spectral function given in equation 7.4, for frequency v. V(z)  is the 
comoving volume of the universe at redshift z per steradian. dn(M , z) / dM  is the comoving 
dark matter halo mass function and yt(M , z) is the two-dimensional Fourier transform of 
the projected Compton y-parameter of equation 7.2. The integration over redshift is carried 
out up to a maximum 2  of 10, and the mass boundaries are set as Mmin = 5 x 1012/i_1M© 
and Mmax = 5 x 1015/i_1M0 . These masses are the Virial masses; the mass of the cluster 
in statistical equilibrium based on the Virial theorem in which the mean square velocity of 
all the galaxies in the cluster is proportional to the mass of the cluster divided by its radius.
The mass function of dark matter halos is described in Jenkins et al. (2001), with 
the mass of the halo evaluated in a sphere according to the spherical overdensity algorithm. 
The one free parameter in this model is the overdensity within the sphere relative to the 
critical density of the universe, pc, and the mass variable used is ln<r_1(M, z), derived
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from the variance of the density field, a2(M, z), extrapolated to redshift z. Use of this vari­
able serves to factor out the mass component in different epochs, cosmologies and power 
spectra, permitting comparisons between various simulations and theoretical models. The 
comoving dark matter halo mass function used in Komatsu & Seljak (2002) fixes the mass 
density of halos at 180 times the mean of the universe, S = 180Qm(z), and has the form:
Integration of equation 7.6 thus allows predictions to be made of the SZ angular power 
spectrum as Komatsu & Seljak (2002) discusses. They compare their analytic predictions 
with hydrodynamic simulations, finding good agreement.
7.2.2 D e p e n d e n c e  o n  C o s m o l o g i c a l  P a r a m e t e r s
The most important cosmological parameter upon which the SZ power spectrum depends 
is a8; the root-mean-square fluctuations within a 8/i-1 Mpc sphere. This is perhaps be­
cause massive clusters are at the tail of the dark matter mass function. Section 3.1 of 
Zhang & Pen (2001) describes how the SZ power spectrum is proportional to the present 
contribution from single halo correlations to the gas pressure power spectrum in Fourier 
k-space, Pp(k), which is itself proportional to the density polyspectrum, B4. A polyspec­
trum is the Fourier transform of a multi-point correlation function, just as a bispectrum is 
the Fourier transform of the three point correlation function (Press et al., 2007). The hi­
erarchical model used allows the higher order correlations to be expressed in terms of the 
product of two-point correlations, hence B4 oc P 3(k), where P(k) is the gas pressure power 
spectrum. P(k) oc o |~3, 2 in the linear regime and 3 in the scale clustering regime, and 
thus Ce oc 0 's-9. Komatsu & Seljak (2002) find Ct ex a\ to be the best fit agreement to 
their analytic predictions and simulations.
In recent cosmology (e.g. Dunkley et al., 2009) the parameter a8 used in analytic 
predictions of the SZ power spectra is set to 0.83. This means that the power spectrum can 
be scaled according to:
Figure 7.3 shows the predicted angular power spectrum for the SZ effect with 0-8 =  0.8 at 
QUaD’s frequencies, which is scalable for different values of a8 via equation 7.8.
3See http://lambda.gsfc.nasa.gov/product/map/dr3/pow_sz_spec_get.cfm
dM dM dMs } } Ms dMs
0.301 exp |o’ 1 +  0.64|3’82^
(7.7)
(7.8)
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Figure 7.3: The Sunyaev Zel’dovich Spectrum 
Power spectra for the SZ effect assuming cr8 =  0.8 at QUaD’s frequencies; 100 GHz in 
blue, 150 GHz in red and the cross frequency spectrum in black.
The 7th power means that a 10% change in cr8 translates into a factor of 2 difference 
in the spectrum amplitude.
Komatsu & Seljak (2002) also state that they find the dependence of Ct upon other 
parameters; Qm, Qb, h, n and u  (the equation of state), to be very weak in comparison to 
that of <j8. The comoving volume of the universe increases as Qm decreases, cancelling out 
any effect that Qm might have on the dark matter mass function.
Whilst virtually independent as separate parameters, the combination Qbh does play 
a role. The amplitude of the SZ effect is proportional to rce, the electron number density. 
For an isothermal cluster the total SZ flux density will therefore be proportional to the total 
electron count in that cluster. The intracluster gas content of a galaxy cluster is greater than 
the mass in the galaxies that make up the cluster and so the SZ effect can be used to provide 
an estimate of the baryonic mass density in the cluster.
Simply, the SZ effect will be greater for a greater density of baryonic gas in the 
cluster. The central gas density in a cluster scales with (£lbh )2, and the overall amplitude 
of the power spectrum is set by (Komatsu & Seljak, 2002):
330/ iK 2a{
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Adding data from x-ray surveys of the clusters allows the redshifts of the clusters to be 
determined and parameter degeneracies broken, revealing much more information from 
the SZ effect; in particular the hubble constant and matter densities, and could, in 
principle, be more tightly constrained.
7 .3  O b s e r v a t i o n s  a n d  cr$Me a s u r e m e n t s
Whilst there are of course various experiments, the Sunyaev-Zel’dovich Array (SZA) for 
example (Muchovej et al., 2007), designed specifically to observe the SZ effect and its use 
to detect and study clusters, here the focus is within the context of the cosmic microwave 
background; the observations which can be made, and the parameters that can be deter­
mined with CMB instruments. It is only above i  ~  2000 that the excess power due to the 
SZ effect could begin to dominate over the primary CMB anisotropies, but there are sev­
eral experiments which have made measurements on such small angular scales, including 
QUaD itself (Friedman et al., 2009) as shown in Figure 7.4.
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Figure 7.4: QUaD’s Small Angular Scale Temperature Power Spectra 
Measurements of the CMB temperature power spectrum at 100 GHz (black points) and 
150 GHz (blue points) up to £ = 3000, including a subtraction of the residual radio point 
sources as detailed in Friedman et al. (2009), do not show an excess over the predicted 
CMB anisotropies of the ACDM model (purple line).
Others include the Cosmic Background Imager (CBI) (Sievers et al., 2009) and the 
Berkeley-Illinois-Maryland Association (BIMA) interferometer (Dawson et al., 2006) at 
30 GHz and 28.5 GHz respectively. Plus at higher frequencies the Arcminute Cosmology
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Bolometer Array Receiver (ACBAR) (Reichardt et al., 2009a), Bolocam (Sayers et al., 
2009) and the Atacama Pathfinder Experiment SZ (APEX-SZ) instrument (Reichardt et al., 
2009b) all at 150GHz. Along with the SZA (Sharp et al., 2009) at 30 GHz and QUaD, 
some of these show signs of the expected excess whilst others do not.
From the excesses apparently observed by BIMA and CBI values are inferred for a8 
somewhat higher than the template value suggested of 0.8. CBI reports a8 =  1.015 ±  0.06 
and BIMA a8 =  1.03lo!29* Whilst still detecting an excess ACBAR yields the lower value 
of cr8 =  0.8 ±  0.04. The SZA and QUaD, as Figure 7.4 illustrates, do not show an excess, 
whilst Bolocam and APEX-SZ are able to place upper limits of a8 < 1.57 and a8 < 1.18 
respectively.
ct8 may also be determined using measurements of other astrophysical phenom­
ena, providing alternative values for comparisons. The Lyman-Alpha forest is absorptions 
in intergalactic gas clouds of Lyman-a emissions from more distant quasars. Data from 
the Sloan Digital Sky Survey (SDSS) of the Lyman-a forest suggests a8 = 0.85 ±  0.02 
(Seljak et al., 2006). Fu et al. (2008) report weak lensing results based on the Canada- 
France-Hawaii Telescope Legacy Survey (CFHTLS). Weak lensing is a small distortion of 
background sources by a galaxy cluster, measurements of which have permitted a value 
0.771 ±  0.029 to be derived, a little lower than the cr8 upon which CMB experiments seem 
to be converging.
Generally within the framework of CMB experimentation, the SZ effect is sought 
at the high-^, small angular scale end of the spectrum where it might dominate over the 
CMB signal and leave a signature excess in the power spectrum measurements. As Chap­
ter 6 described, QUaD’s observations permit a frequency jackknife in which the CMB is 
effectively cancelled leaving a residual signal which may or may not be astrophysical in 
origin. In that chapter the far infrared background (FIRB) was considered as a possible 
phenomenon responsible for the jackknife failure observed at I  <  1000 in the band power 
deviation plots. Here we probe for the SZ effect in the frequency jackknife spectrum and 
can compare the values this low-^ method obtains for o8 with those yielded by the more 
traditional parameter estimation of Brown et al. (2009) and Gupta et al. (2009).
7 . 4  L o o k i n g  f o r  t h e  S Z  E f f e c t  i n  Q U a D ’s F r e q u e n c y  
Ja c k k n i f e
7.4.1 SZ F r e q u e n c y  D i f f e r e n c e
The method followed here will be much the same as that for the FIRB in Section 6.5 of the 
previous chapter. The first step is to compute the SZ frequency difference spectrum from
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the 100 GHz, 150 GHz and cross frequency SZ spectra as shown in Figure 7.3. Band power 
window functions, uu, are employed in the calculation to ensure the template spectrum is 
correctly binned with each ^-value weighted accordingly:
c « ff  =  £  MW ^ c r  +  c f ° - 2 C f ™(7.10)
Figure 7.5: SZ Effect Frequency Difference Spectrum 
The frequency difference power spectrum for the SZ effect calculated using equation 7.10 
(red line). QUaD’s frequency jackknife spectrum after subtraction of the non-zero mean 
amongst the simulation suite are plotted as the blue points.
At first glance this figure appears to be virtually identical to the equivalent for the FIRB in 
Figure 6.8. Subtle differences in and degeneracies arising from their shape and magnitude 
shall be explored later when a simultaneous fit to both phenomena is carried out.
7.4.2 L i n e a r  F i t s
The SZ frequency difference spectra of Figure 7.5 can be fit to the QUaD frequency jack- 
knife spectrum, just as was done before with the FIRB. This time the scaled spectrum will 
provide a constraint on the parameter a8 using the scaling function in equation 7.8. The 
fitting is performed using a least chi-square technique, weighting the frequency jackknife 
data, q, with an inverse variance weighting scheme. The chi-square is found from the QUaD 
data and the SZ template spectrum, s, as:
x2 = J2(« - (7.11)
126 C h a p t e r  7 . S u n y a e v -Z e l ’d o v ic h  E f f e c t
The best fit scaling factor is given by the gradient, ra, which minimizes the x 2- This is 
found by differentiating with respect to m  and setting the result to zero:
a i2 >
E  (s2M )
The best fit gradient obtained can be related back to a8 by 0.8ra1/7 since the template was 
constructed assuming cr8 =  0.8 and we take Ce oc crj. In Chapter 6 the issue of which 
Grange to use was discussed after Figure 6.7 revealed the band powers responsible for the 
jackknife failure were those with £ < 1000. The linear fits here can again be repeated for 
several different £ cut-off points: 2000,1500,1300 and 1000.
7.4.3 eg R e s u l t s
The erg values derived from the linear fits over various ^-ranges are summarized in Table
7.1 below. The best fit line with a cut-off at £ = 1000, below which we see the jackknife 
failure in the band power deviation plot, is shown in Figure 7.6
Maximum £ 08 1 a error
1000 1.26 0.03
1300 1.19 0.03
1500 1.15 0.04
2000 1.13 0.04
Table 7.1: The erg values with lcr  errors suggested by the best fitting of the SZ effect frequency 
difference template spectrum to the QUaD frequency jackknife spectrum.
As with the FIRB we see a decrease in the cr8’s derived with higher £ cut-offs owing 
to the negative values in QUaD’s frequency jackknife seen after £ = 1000. Particularly 
after £ = 1300 these begin to have greater error bars because of the differences in beam 
size between 100 GHz and 150 GHz and so are down weighted accordingly. They do still 
however have the effect of dragging down the best fit scaling as Figure 7.7 illustrates.
Although not entirely unreasonable in light of the upper limits Bolocam and APEX- 
SZ place on <r8 of 1.57 and 1.18, the values yielded by this method are quite a bit higher than 
that typically obtained by a CMB experiment. This could perhaps be because whilst the 
residual signal left in the frequency jackknife may be due to the SZ effect, it is more likely 
to be the combination of SZ effect and FERB signals than either independently. In addition 
there may be a third factor that has not yet been taken into consideration; a contribution 
from residual radio point sources, so this will be looked at first.
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Figure 7.6: Linear Fit to the SZ Effect template 
The thick purple line is the best fit through the black points of QUaD’s frequency jackknife 
against the model SZ effect frequency difference spectrum for £ up to 1000.
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Figure 7.7: Scaled SZ Effect Spectra 
QUaD’s frequency jackknife spectrum (black points) with the SZ effect frequency differ­
ence spectrum scaled according to (<t8/0.8)7 for the different ^ -ranges: purple < 1000, blue 
1300, green < 1500, orange < 2000.
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7 .5  R a d i o  P o i n t  S o u r c e s
Radio point sources are frequently noted as an obstacle in SZ effect detections (Holder, 
2002). Any point sources either between the clusters and the instrument in question or in 
the surrounding region of the cluster will confuse the SZ signal. Friedman et al. (2009) 
describes how the 7 bright radio sources detected in QUaD’s observation region can be 
masked, but that this does not account for the residual contribution from the exponentially 
more numerous low flux radio point source population. A scaled extrapolation of the extra- 
galactic radio source model from de Zotti et al. (2005), based on simulations of the point 
source distribution in QUaD’s field, was used to predict the radio source distribution be­
low QUaD’s detection threshold. This leads to a point source correction to the otherwise 
expected ACDM power spectrum for the CMB which Figure 3 of Friedman et al. (2009) 
shows for i  > 2000. QUaD’s temperature data at high i  is a better fit to the theoretical 
power spectrum upon inclusion of this contribution.
7.5 .1  R a d io  Po in t  S o u r c e  S pec tr a
Figure 7.8 shows the radio point source correction data itself at all i  up to 3000 for 
both QUaD’s frequencies. As expected, since radio waves are of long wavelength, we see 
a larger correction required at 100 GHz than 150 GHz.
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Figure 7.8: Radio Point Source Corrections 
The correction added to the theoretical ACDM model to account for the correction to the 
CMB spectrum from residual radio point sources. 100 GHz in black and 150 GHz in blue.
The assumption can be made regarding the point sources that their Poisson distri­
bution produces a simple white spectrum. This means it is independent of angular size and
«>
30
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is seen to merely rise as £2 in Figure 7.8 because of the way in which the power is defined 
on the y-axis. Dividing out the £2 / 2n factor yields the expected flat spectrum at high £ with 
noise at lower £ as shown in Figure 7.9. The points above £ ~  1500 can be used to estimate 
the mean level at each frequency. These are found to be 2.04 x 10-5 fiK2 at 100 GHz and 
4.61 x 10-6 /iK2 at 150 GHz, plotted as the dotted lines in Figure 7.9.
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Figure 7.9: Radio Point Source White Spectra 
We can assume the theoretical point source distribution to be white and hence take out the 
£2 factor in Figure 7.8 to give a flat spectrum, the mean level of which can be determined 
from the higher £ points and is shown by the dotted lines at both 100 GHz (black) and 150 
GHz (blue).
To now obtain the theoretical residual point source correction data at all i, the £2/27r 
factor can simply be multiplied back in. The cross frequency spectrum can be estimated 
as the square root of the product of the 100 and 150 GHz spectra and then the frequency 
difference spectrum obtained as done previously with the theoretical FIRB and SZ spectra:
r-i 100 I /ol50 /across
C ? "  = C* ±^(7 l3)
The radio point source frequency difference spectrum, particular at low £, is of very low 
magnitude (~ 0.2 /uK2 at £ =  1000), but nevertheless can be subtracted off of QUaD’s 
frequency jackknife to account for any contribution the point sources might be making, 
however slight.
130 C h a p t e r  7 . S u n y a e v -Z e l ’d o v ic h  E ffe c t
t
BOO 1000 1500 3000I
Figure 7.10: Theoretical Residual Radio Point Source Spectra 
Putting the £2 factor back into the mean level derived from Figure 7.9 and calculating a 
cross and a frequency difference spectrum yields the four theoretical spectra: 100 GHz 
(black), 150 GHz (blue), cross frequency (red) and frequency difference (orange).
7 .5 .2  cr8 R esults  A fter  C o r r e c t in g  for  R e s id u a l  Po in t  S o u r c e s
The theoretical contribution from residual radio sources can be removed from each band 
power of the frequency jackknife spectrum before the linear fit to the SZ model is then 
carried out in exactly the same way as before. The results obtained are listed in Table 7.2 
and illustrated below in Figure 7.11.
Maximum i la  error
1000 1.25 0.03
1300 1.18 0.04
1500 1.14 0.04
2000 1.11 0.05
Table 7.2: The as values and la errors obtained by performing the best fit of the SZ effect 
frequency difference template spectrum to the QUaD frequency jackknife spectrum after first 
subtracting an estimate of the residual radio point source contribution.
As expected the values now yielded for cr8 are a little lower, and slightly more so 
when going up to a higher i  where the radio contribution is greater. The values are all still 
on the high side though further supporting the idea that it is not just the SZ effect that needs 
to be considered and that a residual radio source contribution is not sufficient to explain the
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Figure 7.11: Scaled SZ Effect Spectra Using Point Source Corrected Results 
Q UaD’s frequency jackknife spectrum show both with (black points) and without (blue 
points) correction for the radio sources, with the SZ effect frequency difference spectrum 
scaled according to (cr8/0 .8 ) 7 for the different ^-ranges: purple <  1000, blue 1300, green 
<  1500, orange <  2000, based on the corrected spectrum linear fits.
signal. We can therefore explore the possibility o f including a point source correction, the 
SZ effect and the FIRB.
7.6 S i m u l t a n e o u s l y  F i t t i n g  t h e  F IR B  a n d  t h e  SZ 
E f f e c t
A similar maximum likelihood technique to that which has been used to look for the FIRB 
and the SZ effect independently in the frequency jackknife can be employed to fit the two 
simultaneously. This will allow constraints to be made on both the clustering bias, 6, and 
<r8 at the same time based on their individual scaling factors. The idea is to find values o f  
A , the SZ effect amplitude and B, the FIRB amplitude to best fit:
Q = A S + B F  (7.14)
in which Q represents the QUaD frequency jackknife after subtraction of the residual radio 
point source contribution. S  and F  are the SZ effect and FIRB frequency difference spec­
tra respectively. The FIRB spectra used is that derived from the simulations described in 
Chapter 6 rather than the analytical one and the analysis is confined to £ < 1000, the band 
powers where w e see the failure in Q UaD’s jackknife test.
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Allowing the value o f A  to vary from 0 to 81 (0 <  a8 <  1.5) and the value o f B  
to vary from 0 to 36 (0 <  b <  6), chi-square values across this two dimensional parameter 
space can be calculated, summing over band powers:
x 2 =  E  ( W«  -  A S i -B F ‘)C -  ( 7 1 5 )
C ij is the covariance matrix o f the QUaD data; the equivalent o f the inverse variance 
weighting which was used when analyzing the SZ effect and FIRB separately. Only the 
diagonal and first two off-diagonal elements of the covariance matrix are used; beyond this 
the band power correlations are sufficiently weak that they become lost in noise. The likeli­
hood, C, at each set o f values across the A - B  parameter space is then calculated as (Press 
et al., 2007):
C = exp(—0 .5 x 2) (7.16)
The location o f maximum likelihood corresponds to the point in A  - B  space with the 
least chi-square. On Figure 7.12 this position is marked with a star. Contours are drawn 
enclosing 68%, 95% and 99% o f the likelihood illustrating the 1, 2 and 3 a  deviations from 
maximum likelihood.
Figure 7.12: SZ Effect and FIRB Amplitude Likelihoods 
Likelihoods from a simultaneous fit o f  the t  <  1000 QUaD frequency jackknife after sub­
traction o f radio sources to A  (the SZ amplitude) and B  (the FIRB amplitude), with con­
tours drawn at the 68%, 95%, and 99% positions and a star to mark the location o f maximum  
likelihood.
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At the point o f  the star the amplitudes are A =  5.11 and B  =  20.16. Using the 
relations a8 =  0 .8A 1/ 7 and b = y/B, these correspond to a8 = 1.01 and b = 4.49. The 
whole A - B  likelihood space can be translated into o8 - b co-ordinates, shown in Figure 
7.13.
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Figure 7.13: a8 and b Likelihoods 
The amplitude likelihood plot in Figure 7.12 translated into a8 - b parameter space. Again 
with a star to indicate the a8 =  1.01, b = 4.49 position o f maximum likelihood and three 
contours enclosing 68%, 95%, and 99% o f the likelihood.
The lcr contour line can be used to place errors on the values o f the parameters 
derived. Because of the non-linear relationships between the amplitudes and the parameters 
these errors are not symmetrical about the value. The result is a8 = 1.0lio!?3 and b =  
4.49lo!42- One dimensional slices can be taken through parameter space in either direction 
at any chosen value. Figure 7.14 shows slices cut across at each of the maximum likelihood 
values yielding the likelihood o f the other parameter under the assumption that the other is 
correct.
7.6.1 D i s c u s s i o n  o f  R e s u l t s
Unlike its previous independently derived counterpart the value now suggested for a8 is 
more in line with those other experiments have obtained. CBI and BIMA for example, 
as described in Section 7.3, report cr8 = 1.015 ±  0.06 and a8 = 1.03io!29 respectively. 
For other experiments and even for the traditional parameter analysis carried out by QUaD  
itself the cr8 found is much lower ~  0.8. This is however using an entirely different method
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Figure 7.14: One Dimensional Likelihood Slices 
A cut through parameter space at cr8 =  1.01 showing the resultant likelihood of b (top) and 
similarly at b = 4.49 showing how the likelihood of a8 values is then distributed (bottom). 
Both plots mark the maximum likelihood point of the other parameter with its la  errors in 
blue.
so we should not expect the same results and actually a value of 0.8 is not ruled out here. 
The bottom panel of Figure 7.14 shows that setting b = 4.49 merely sets the upper limit of 
a8 < 1.18, and puts 1.01 as the most likely value whilst lower values are less likely but by 
no means impossible.
A higher a8 implies a greater mean level of matter density fluctuations on the 8/i_1 
Mpc scale and therefore deeper gravitational potential wells with more clustered galaxies. 
The SZ effect is due to the inverse Compton scattering of CMB photons by hot electrons 
in the intracluster medium. Thus with more clustering there will be more highly energetic
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electrons to cause a bigger SZ effect and a larger distortion of the CMB power spectrum.
There is a strong degeneracy between the two parameters, cr8 and b, arising from 
the similarities in the shapes of their spectra, particularly at low 1. This degeneracy is very 
apparent in Figure 7.12. If the SZ effect amplitude were to be lower, the FIRB amplitude 
would be higher and vice versa. The graph reveals a straight line function between the two 
approximately:
Without further information or setting priors based on results obtained by other experiments 
it is impossible to constrain either parameter any more than permitted by the likelihood 
contours drawn on the plot. Fortunately there are plenty of measurements of both cr8 and b 
that have been made, many of which have been discussed earlier in this chapter and also in 
the preceding one. Figure 7.15 offers the likelihood plot as before, but now encompassing 
a selection of the other experimental results.
The aforementioned increasing of bias with redshift (Weinberg et al., 2004; Mari- 
noni et al., 2006; Brand et al., 2003) is evident and QUaD’s results do not discontinue 
this trend. The a8’s are less wide ranging, approximately between 0.77 and 1.17. The 
two curves at the bottom arise from the functions a8b =  0.69 (Saunders et al., 1992) and 
cr8b = 1.2 (Fan et al., 1997), for which the IRAS redshift survey data and galaxy clustering 
data respectively have been used to constrain the a8 — b relation.
(7.17)
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Figure 7.15: a8 and b Results 
The cr8 - b likelihood plot of Figure 7.13 incorporating various values of the two parameters 
suggested by other experiments.
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7.6.2 I n c l u d i n g  V a r i a t i o n  o f  cr8 in  t h e  FIRB S p e c t r u m
Section 6.3.1 described how the FIRB power spectrum is constructed. It mentioned that the 
term Pm(&)\k=t/r* Present power spectrum of the dark matter density fluctuations, is 
normalized via the parameter cr8. This parameter should therefore not be fixed in the FIRB 
spectrum if it is being allowed to vary in the SZ spectrum.
The FIRB power spectrum scales with erf, the variance based on smoothing within 
the 8h~l Mpc window. This will, however, introduce errors since smoothing on these 
scales is erasing the contribution from larger modes. It is also likely that a different cr8 
would imply different values for other parameters, such as the matter density or the scalar 
spectral index, which would alter the shape and evolution of the spectrum. Nevertheless 
we can use this scaling as a rough first approximation.
The amplitude B  in equation 7.14 is now dependent on both cr8 and b as:
B  = (^2 (7.18)
This corresponds to a change in the likelihood plots and the maximum likelihood 
values derived. Figures 7.16 and 7.17 show the results of incorporating this additional 
dependence.
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Figure 7.16: New SZ effect and FIRB Amplitudes 
Results after the cr8 dependence of the FIRB spectrum is taken into consideration in the 
fitting.
As before the stars mark the points of maximum likelihood and the contour lines 
define the uncertainties. The results are A = 9.89+fif and B = ll- lT t^ S , which translate
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Figure 7.17: New crs and b 
cr8 -b  parameter space when the FIRB spectrum is also dependent upon cr8.
to values of <j8 =  1.Iliyas an£^  b = 3.27lo;^.
This reveals that including a cr8 dependence on the FIRB spectrum in the analysis 
leads to a slight increase in the value of <j8 and consequently, as expected given the degen­
eracy between the two parameters, a decrease in the bias. Nevertheless, the results are not 
significantly different to all the previous ones; cr8 is still greater than 1, and b still greater 
than 3. Therefore the cosmological implications of these values remain the same.
7.6.3 R e s u l t s  i n  t h e  C o n t e x t  o f  Q U a D ’s  h i g h - ^  D a t a
QUaD’s own final parameter estimation analysis in Gupta et al. (2009) presents values of 
the linear mass perturbation cr8 derived from the i  < 2000 data plus the high-^ (up to 
t  =  3000) temperature data. There are values published for a QUaD-only constraint on 
the parameter, and also upon inclusion of the ACBAR, CBI, BICEP and WMAP results. 
The estimated SZ effect power in this analysis was also simulated based on cr8 = 0.8 and 
under the assumption of scaling with the seventh power. The QUaD-only result yielded is 
cr8 = 0.82^o;o6 anci with t l^e ottler datasets added is a8 =  0.84^o;o6- As has been mentioned 
previously, a completely different and novel approach has been used for the analysis in this 
thesis, thus to expect the same results would be naive.
Nevertheless the consistency of the results obtained here with the high-^ results 
shown in Figure 7.4 can be investigated via an extrapolation of the template models to 
higher t. The best fit amplitudes for the FIRB and the SZ effect from the analysis in this
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chapter can be applied to their respective template spectra at both 100 GHz and 150 GHz. 
The resulting two spectra can then both be added to the expected contribution from the 
CMB assuming a ACDM model (Dunkley et al., 2009).
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Figure 7.18: Results Compared to QUaD's High-f Temperature Data 
Spectra at 100 GHz (blue) and 150 GHz (red) suggested by the work in this chapter. Each 
consists of the ACDM model CMB temperature spectrum plus FIRB and SZ effect com­
ponents based on their best fit amplitudes; 11.17 and 9.89 respectively. The dashed lines 
either side are the la  errors on these spectra. The blue and red data points are the cor­
responding QUaD high-f temperature data (Friedman et ah, 2009) after subtraction of the 
residual point source contribution.
Figure 7.18 shows this combined spectra plotted with the QUaD high-^ T T  results 
from Friedman et al. (2009), which include a subtraction of the residual radio point sources.
From this it is evident that the contribution from the FIRB and the SZ effect to 
the data cannot be as large as the analysis based on the t  < 1000 frequency jackknife 
might suggest. Especially in the 150 GHz case, the prediction, even given its la  error, 
is much above the data. This inconsistency reveals that whilst there may yet be smaller 
components of the FIRB and the SZ effect, the frequency jackknife signal requires them 
to be higher than is now shown they can be in light of high-*? results, and thus leads to the 
conclusion that this cannot be the end of the story. Something else more dominant at low-^, 
be it an instrumental systematic, a feature of the analysis pipeline or another astrophysical 
phenomenon must also be at work.
So unfortunately whilst there are alternative measurements of a8 and b from various 
experiments, the results cover a spread across parameter space and their values derived from
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the methods here have proven to be inconclusive. The true cr8 and clustering bias describing 
the universe therefore remain somewhat irresolute and the true nature of the residual signal 
in QUaD’s frequency jackknife remains a mystery.

8 C o n c l u s i o n s  a n d  F u t u r e  W o r k
“T h e  h i s t o r y  o f  m a n  is  h u n g  o n  a  t i m e l i n e  o f  e x p l o r a t i o n  a n d
THIS IS WHAT’ S NEXT.”
S a m  S e a b o r n  - T h e  W e s t  W in g
8 .1  S u m m a r y  o f  K e y  R e s u l t s
This thesis began by considering the very early universe to be like a bowl of soup. A 
hot dense opaque soup of electrons, protons, helium nuclei and neutrinos, with photons 
bouncing around. After ~  380,000 years it had cooled sufficiently for the primordial 
particles to unite, scattering the photons one last time before liberating them to journey 
across the now transparent universe.
Telescopes like QUaD can look out into space and see these photons everywhere, 
in all directions. In the billions of years since the last scattering event they’ve cooled down 
and are now of millimeter wavelengths with a mean temperature of 2.73K. Observing this 
Cosmic Microwave Background (CMB) allows us to build up a picture of the surface of 
the soup and map the parts that are fractionally hotter or colder. From measurements of the 
fluctuations in temperature across the sky and the polarization of the light this causes, we 
can infer much about the universe and attempt to explain why and how it has evolved into 
that seen today. We can thereby increase the accuracy to which we know parameters such 
as how much matter there is, how fast the universe is expanding and the amplitude of the 
density fluctuations responsible for the creation of structure.
The structures themselves however, and indeed everything else filling space be­
tween QUaD and the CMB, can hinder the experiment and contaminate the results such 
that they are not a true description of the universe. After first detailing the instrument and 
the analysis techniques used, this thesis has discussed and quantitatively analyzed a number 
of possible phenomena which may have affected QUaD’s success in measuring the CMB.
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The main idea behind and the results from each are highlighted here.
8 . 1 . 1  D u s t
1% of the interstellar medium is dust which absorbs photons from stars and re-emits them at 
lower frequencies, with a peak at ~  3000 GHz. QUaD observes at 100 and 150 GHz so we 
would not expect vast quantities of dust to be swamping the measurements, but nevertheless 
an extrapolation down to CMB frequencies can be made using a multi-component dust 
particle model.
After simulating QUaD’s beams, filtering and scan strategy by running the dust 
maps through the analysis pipeline, the extent of correlation between the dust and the CMB 
maps was characterized via linear fits and the calculation of a correlation coefficient. Error 
bars were obtained on the correlation statistics by repeating the procedure with a suite 
of dust maps shifted around the globe from QUaD’s observing region. A slight negative 
correlation was found that proved insignificant in light of the error bars and therefore more 
likely due to a chance alignment of morphologies.
A cross correlation power spectrum was then computed revealing that all band pow­
ers lay within the spread of the simulations with no extreme band power deviations. From 
this the conclusion was drawn that there was no evidence to suggest a dust foreground 
contaminating the temperature data.
If the dust grains become aligned, by a magnetic field for example, this can result in 
up to 5% of the light intensity becoming polarized. The correlation analysis was therefore 
also carried out on QUaD’s Q , U and total polarization data, but again finding no hint of 
any significant contamination.
The upshot of the investigation, whilst not very exciting in the context of this work, 
does bode well for QUaD and potentially other experiments in the future, confirming that 
a good choice of dust-free observing region was made and providing reassurance that the 
results obtained by the experiment are not influenced by dust in the interstellar medium 
between the CMB and the telescope.
8 .1 .2  S y n c h r o t r o n
Synchrotron radiation is emitted when the magnetic field associated with a supernova ac­
celerates cosmic ray electrons passing through. The frequency of the radiation is dependent 
upon the strength of the magnetic field, becoming less significant than the CM® above ~  50 
GHz and so at QUaD’s frequencies the predicted power is negligible.
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A spectral index model used to extrapolate synchrotron measurements at 408 MHz 
up to CMB frequencies then allowed for the same method as summarized above for the 
dust to be employed in the search for any hint of synchrotron radiation in the data.
The linear fitting results, correlation coefficients and cross correlations revealed that 
with the exception of the band power at i  ~  200, on all other angular scales there was no 
significant correlation within the spread of simulation results. This told us that the CMB 
power spectrum at t  ~  200 may not be as robust as desired but certainly above t  =  250 
there is no concern regarding contamination from synchrotron emissions.
The magnetic field responsible for the synchrotron radiation organizes the emission 
along the plane of acceleration causing it to be linearly polarized. This inherent mechanism 
means a higher percentage of the total intensity is polarized compared to the dust case. It 
is dependent upon the distribution of the magnetic field across the sky and in QUaD’s 
observing region is ~  10 — 15%.
The polarization analysis again lead to the somewhat uninteresting, albeit positive 
for QUaD, conclusion that the polarization data is not significantly tainted by a synchrotron 
foreground. So overall, and certainly above t  ~  250, the outcome of this chapter was that 
there is no determining evidence for synchrotron radiation in QUaD data.
8.1.3 F a r  I n f r a r e d  B a c k g r o u n d
The Far Infrared Background (FIRB) comes from the thermal dust emissions of galaxies 
whose stars have heated interstellar dust via optical and ultraviolet radiation. The FIRB 
spectrum is sensitive to the distribution of these galaxies both with redshift and spatially; 
properties which are dependent upon the formation and evolution of the galaxies. There 
are anisotropies in the power spectrum arising on small scales due to the discrete nature of 
the sources, and on large scales because of galaxy clustering.
Large scale galaxy clustering suggests that the density fluctuations responsible for 
the baryonic oscillations causing the CMB were superposed on larger scale, smaller am­
plitude fluctuations. Such fluctuations would have been created by the total matter content 
of the universe, a large component of which is dark matter. The idea is then that galaxies 
formed in regions of extra-enhanced density creating a cluster.
We can quantify the extent of correlation between the galaxy distribution and the 
large scale dark matter density field by the bias parameter, b. b = 1 implies an unbiased 
universe, but higher values mean a biased universe with total mass more widely dispersed 
than the light, following the underlying dark matter density distribution.
Chapter 6 included both an analytical power spectrum for the FIRB and the equiv­
alent derived from a suite of infrared galaxy simulations that were run through QUaD’s
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analysis pipeline. This power spectrum scales according to the square of the clustering 
bias. The 100 GHz, 150 GHz and cross frequency power spectra from each were used to 
compute frequency difference power spectra, which was then used in a best fit analysis with 
QUaD’s frequency jackknife.
Because QUaD operated at 100 GHz and 150 GHz, a frequency jackknife test was 
permitted wherein the CMB signal should be completely cancelled upon the subtraction 
and any residual signal either an overlooked instrumental systematic or a real astrophysical 
foreground. This test has persistently failed below I  ~  1000 and so the fitting of the FIRB 
frequency difference spectra was investigated at these low band powers.
The bias yielded by the least chi-square linear fit procedure was 4.21 ±  0.37 using 
the model spectra and 4.53 ±  0.38 with the spectra obtained via simulations. These high 
values are consistent with other findings that the bias increases with redshift and imply the 
galaxies are a strongly biased tracer of the underlying mass distribution in the universe.
8.1.4 S u n y a e v -Z e l ’d o v ic h  E ffe c t
When CMB photons encounter electrons in the hot gas surrounding a galaxy cluster, or 
relativistic electrons from supemovae or active galactic nuclei they can be inverse Comp­
ton scattered to higher energies. A distortion of the CMB power spectrum, the Sunyaev- 
Zel’dovich (SZ) effect, then arises due to the net energy gain among the photons. The 
predicted SZ spectrum is very sensitive to the cosmological parameter a$ (the rms mass 
fluctuations in an 8h r 1 Mpc sphere), scaling according to crj.
The WMAP lambda predictions of the spectrum based on a <r8 =  0.8 model can 
be scaled up to QUaD’s frequencies to permit a similar analysis as that carried out for the 
FIRB. In this case the aim was to place a constraint on a8 by taking the seventh root of 
the least chi-square linear fitting of the QUaD frequency jackknife data to the frequency 
difference SZ effect spectrum.
The value of the parameter derived varies according to the band powers considered, 
but for i  up to 1000, the range over which we see failures in the jackknife test, the result is 
a8 = 1.26 ±  0.03. This is a particularly high answer in comparison to many other reports 
of cr8 measurements, from CMB experiments and otherwise (generally 0.8 < a8 < 1.0), 
and so the contribution that residual radio sources might be making to the jackknife data 
was considered.
The spectrum of low flux extragalactic point sources below QUaD’s threshold was 
predicted from a model and used to create a correction spectrum that could be first sub­
tracted off the data before performing any fitting analysis. The a8 then yielded below 
I  — 1000 was not significantly different, 1.25 ±  0.03, because on these large angular scales
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the power from residual point sources is negligible.
8.1.5 FIRB AND THE SZ EFFECT
The ultimate investigation was into the idea of QUaD’s frequency jackknife spectrum be­
ing a combination of residual radio sources, the FIRB and the SZ effect. To that end an 
analysis was conducted wherein the point source correction spectrum was first subtracted, 
and then a simultaneous least chi-square linear fit performed to both the FIRB and the SZ 
effect frequency difference spectra. This produced a likelihood distribution across a8-b pa­
rameter space with a8 = 1 -Olto!o3 an(I & — 4.49^q.42 emerging as the most likely set of 
values. Although a strong degeneracy between the two was illustrated by the likelihood 
plots, the maximum likelihood values suggested seem plausible and consistent with other 
astronomical findings. Upon inclusion of the cr8 dependency within the FIRB spectrum, the 
results changed to give best fit values of cr8 = 1.1 11^06 and b = 3.271^23
However, once the implications of these results on smaller angular scales, up to 
£ = 3000, were explored in light of the high-^ QUaD temperature data it was concluded 
that the jackknife failure could not have been entirely caused by an FIRB and SZ detection, 
but must have at least one other component. This could be an overlooked instrumental 
systematic effect or an artifact of the analysis procedure, the radio source contribution may 
have been underestimated or some other astrophysical phenomenon might be responsible.
8 .2  F u t u r e  W o r k
Rather than assuming an exact prediction for the radio source correction and simply sub­
tracting this from the QUaD data, a three-way parameter fit could be done of the frequency 
jackknife data to the FIRB, the SZ effect and the radio template spectra. The trouble with 
this is that if only considering band powers below £ = 1000 there are a limited number of 
data points. The three spectra all have broadly similar shapes and so will induce a large 
degeneracy across the three dimensional amplitude likelihood space.
The individual 100 GHz, 150 GHz and cross frequency spectra of the FIRB, SZ 
effect and residual radio sources have relatively more distinct shapes and magnitudes. In 
the case of the FIRB spectra, unlike those of the SZ and radio, since it dominates at shorter 
wavelengths, the 100 GHz spectrum is of lower magnitude than the 150 GHz. These less 
subtle differences mean that a parameter analysis using QUaD’s actual T T  signal spectra 
rather than the jackknifed one will be more robust and permit tighter, less degenerate con­
straints on the parameters. Inclusion of band powers up to higher-^ in this analysis would 
also eliminate the possibility of arriving at values inconsistent across all angular scales.
146 C h a p t e r  8 . C o n c l u s i o n s  a n d  F u t u r e  W o r k
Other effects possibly causing the frequency jackknife failure could be explored. 
Perhaps it could be something related to the beam’s sidelobes or the absolute calibrations. 
Maybe for a more complete parameter analysis a marginalization over the beam uncer­
tainties should be included. Each effect would need to be quantitatively investigated in­
dividually and then the analysis repeated in light of any findings. Most likely, however, 
the residual signal observed in the jackknife is made up of contributions from a number of 
factors, or less likely, but entirely possible, it is simply the result of chance.
THE END
A p p e n d i x  A: P o l a r iz a t io n  M a p  E x t r a c t io n
Beginning with the chi-square, x2> defined in equation 3.12 from the difference maps,
Mh,ah ’
X2 = Y , “h M , ah -Q co s(2 a h) -  U sin(2 ah))2
h,oth
where is half the angle greater or less than the nominal ir/2 separating the two bolome­
ters in a pair, h. ah is the polarization angle and uh,ah the weight assigned to each map. 
(See Section 3.1.5 for more explanation of these terms.)
This can first be differentiated with respect to Q for each pixel, p, set to zero and 
re-arranged.
^   ^ ^ ^ h ,a h cos(2fl/j) (M h ,a h ,p  Q p  c o s ( 2 a h )  Up sin(2fl/j))
h,ah
^ ^ h^,oth cos(2fl/*)(M’htah,p QpCos(2ah) Up sm(2ah))
h,ocfi
T  ujh,ah cos{2ah)(Qp cos(2ah) +  Up sm(2ah))
h,ah
This can be written in matrix format:
04
dQp 
0 =
^  ^h ,a ch  c o s (2o .fr)iy /fo ;Qk,p —
h^o,h
y  u h,aH cos(2ah)Mh,ah,p =  I y  U)h,ah cos(2ah) cos(2ah) y  UJh,ah cos(2ah) SUl^a,*) ) x
h , a c f t \ h , a h  h , a h
The same thing can then be done with respect to U:
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2
dUp
^   ^ sin^fl/j) (M/jia(iip (5pcos(2a/j) Up s i n ))
h,Qfi
0 =  y ;  ^/t,Qh sin(2afc)(M/l,ah,p -  Qp cos(2afc) -  C/Psin(2a/,))
h,ah
y^V h ,ah sin(2ah)M h'Qh%p = sin(2a^)(Qpcos(2a^) +  C/p sin(2ah))
/i,Qh
and again it can be written in matrix format:
y  ^ /i,qh sin(2a^)M/l,Qh<p =  I ^ w hiQfc sin^a*) c o s (2 a /,)^ w h,ah sin(2afc) sin^a*) ) x
h,Qh \h i° h  h,Qfj
The equations can now be combined into a single matrix equation:
^2h,ah Wh,ah COS(2ah)^h.ah,p
T ,h.ah wh,ah sin(2ah)M h^ p
y , a h wh,ah cos(2ah) cos(2afc) £/»,Qfc wh,ah cos(2a^) sin(2a*) \  /  Qp
52h,ah wh,ah sin(2afc) cos(2ah) £ h<Q#, ™h,ah sin(2ah) sin^a,,) )  \  Up
which can then be inverted to give the 2 x 2  matrix from which the polarization maps come:
- l
Qp \  [ Y,h,aHwh,clhcos(2ah)cos(2ah)Y,h,ahwh,ahcos(2ah)sm(2ah)
UP )  V ^h,ah wh,cxH sin(2a^) cos(2ah) Ylh,ah wh^H sin(2ah) sin(2ah)
x f  Ylh,ah Wh,ah COs(2U/i)M/l,Qh<p 
\  X)/i,ah Wh,ah Sin(2<2/l)Afh,ah,p
as equation 3.13 declared.
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